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ABSTRACT

In this paper, a fractional degree cubic spline scheme is proposed and analyzed
for fractional order with the multi-term Riemann-Liouvile (R-L) derivatives. For the
integral and fractional differential equations, we handle fractional continuity equations
and attain a system of linear algebraic equations by using the matrix method based on
piecewise linear test functions. The scheme is to solve the fractional initial value
problems to approximate the solution of the fractional equation with spline
approximation by using Reimann—Liouvile derivative. In order to obtain a fully discrete
method, the standard spline approximation is used to discrete the spatial derivative with
continuity conditions that suitable for the scheme method and provided the model is
unique and exist for all interval which are appeared in that scheme for the function and
all derivatives with fractional order. The convergence analysis is rigorously proved by
the spline method. In addition, the existence and uniqueness of numerical solutions for
linear systems are proved strictly. Numerical results confirm the theoretical analysis
and show the effectiveness of the method.

1. Introduction

Therefore, FDE is used instead of integer-order

The estimation of the theory from the past time
experienced. Since the latter half of the 1950s, the rise
of spline functions along with advances in computation
has accelerated the growth of classical approximation
theory, which has developed into a profound theory in
mathematics, scientific calculation, engineering
technology, etc. See [1-5] a fractional differential
equation (FDE) is a generalization of differential
equations that replaces integral order derivatives with
fractional order derivatives. In general, ordinary
differential equations are used to describe dynamic
phenomena in several fields such as physics, biology,
and chemistry. Though, for some complex systems,
ordinary simple differential equations do not give
satisfactory results.
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models to get better models. See [1,2,3]. The concept
of fractions is now thought about a practical technique
in many areas of science, including physics (Oldham
and Spainer [4, 5]). Srivastava el al. [6] provided a
model of under-actuated systems of mechanical by
fractional order derivatives, and Sharma [7] reviewed
highly generalized fractional equations of Kinetic in
astrophysics. Caputo [8] again created the more
"classical” definition of the fractional Riemann-
Liouville derivative and identified integer-order initial
conditions for solving his fractional-order differential
equations.

Kowankar and Gangel [9] reformulated the
broken Riemann-Liouville derivative to differentiate
fractional functions that cannot be differentiated
anywhere. In [10, 14], the matrix of operational for the
left Caputo fraction derivation of the Legendre
polynomial basis was presented. Interested readers can
also check that in [11] the author of [12] presented the
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fractional integration operation matrix for his Haar
wavelet  basis. In [13] constructs  the
Type equation here.operation matrix for the fractional
left Riemann-Liouville integral over the Legendre
orthonormal polynomial basis. In the current work, we
relate the operational matrix for the fractional
Riemann-Liouville integration proposed in [13]. In this
paper, a suitable numerical solution was derived based
on a fractional polynomial function as a fractional
spline basis using the fractional limit of the spline
function. Section 2 simulates that the preliminary
definitions used to control polynomial splines apply to
the solution of fractional differential equations, and
Section 3 introduces the formulation of the cubic
polynomial spline approximation to the fractional
order increase. In Section 4, the theoretical analysis
and convergence of the Riemann-Liouville method are
performed. Finally, Section 5 presents numerical
evidence demonstrating the accuracy of the Maple
programming method.

1. Basic Definitions

This section will go over the many definitions of
the fractional derivative as well as Taylor's Theorem,
which we used in our work. To define, different
methods are used. The most common fractional
derivatives are the Riemann-Liouville and Caputo
derivatives.

Definition 2.1. [22] (Fractional Derivative of Order )
The Caputo derivative operator of order « is defined
as:

(n—a)

1 t
e =

_yyna-t (%) Fwdu,n

= [a]anda > 0.
For a = 0, we introduce the notation:
“DEf() = DUf(t).
Definition 2.2. [22] (Fractional Derivative of Order)
The Riemann-Liouville derivative of order a can be
defined as:

d
oDEf(E) =
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For everya, and = [a] .

Definition 2.3.[17] Suppose that DZ*G (x) € C[a, b]
forz=0,1,..,n+1and 0 < A <1 then we have the
Taylor series expansion about x = t

n DM (oG g)® (+DA i
gx) =Yi, 0D D g(r) + ETE) (x—1) witha < §<ux,

for all x € [a, b] where D?* = D% . D2 ... D2 (z times ).

Definition 2.3. [23] A spline function is a function
consisting of polynomial pieces joined together with
certain smooth conditions.

The researcher is forced to write:
A function S is a spline of degree k if

1- The domain of S is an interval [a, b].

2- All derivatives S°, S”,..., S% are all continuous
functions on [a, b].

3- There are points t; (the knots of S) such that a = t, <
t1 <ty <...<t, =D, and such that S is a polynomial
of degree at most k on each subinterval [ti, tis1].
Smoothness is reflected by the order of the
continuous derivative at the knots. If the researcher
want the approximating spline to have continuous
m-th derivative, the researcher should choose a
spline of degree at least m + 1.

2. Description of the Numerical Method

We consider the cubic polynomial spline with
fractional degree, by using the fractional continuity
derivatives of the formulation of the problems. It's a
fantastic method for solving integral and fractional
differential equations. In theory, these computations
are simple, but in fact, computing the polynomials and
showing the convergence of the related series can be
challenging.

Theorem 3.1. There exists a unique spline S(x) €
S (n.3) , the fractional derivative conditions

D®s;,j =0,1,...,N, such that:

S(x)=a, +(x- x,)b ++(x - xi)zci
5 [ (3.1)
+(x - xl.)3dl. +(x-x,)%e +(x-x,)f.



P- ISSN 1991-8941 E-ISSN 2706-6703
2023,(17), (1):188- 199

The conditions are defined by the following:

S(x)=Y; : S(Xi1) =Y
1 1

S(z) (X)) = y(z)m : (3.2)

SYx)=y%i SO(xy) =y¥ia

Proof. Let {x;}}-, be a strictly increasing sequence of
points such thata=x,<x; <x, < <x,=b
consider that s(x) is a continuous function over an
interval[a, b], and s(x) be a cubic polynomial spline
s(x) of fractional degree such that:

S(x,)=a, +(x, - x,)b ++(x, - x, )zci
5 7 !
+x, - x, )3d1‘ +(x, - x, )Eei +(x, - x, )Efz

we get the following by using all of the
conditions in the above equation and simplified them.

Yi =g
5 7
v Y, =& +hb +h’c, +h%d, +h%e +h2f,

(2)
v C :yi

e

Y =b

Using the above equations a,,b, and ¢, , we get

3ty ey 0y

h h
h o_ 1,5 1.°
+—y Y =-Zhle +=h?f,
2yl 2 i 2 f;
4 =7 900p+2560, 160Vp . b

325p - 1024 "
900p - 2560 h'—;
325p - 1024

325p - 1024 "
L 300p- 1024h§ W 4

325p - 1024 e
160

- )y,
325p/x,,, - 1024,/x,

. 600p - 1856 h; , 450p - 1408 ﬁy@)
325p - 1024 " 975p- 3072 l
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_1050p - 3584 h; L~ 350p+1024

e. s .
" 325p-1024 " 325p- 1024
B7 W e 1050p +3584 ,
"% 325p- 1024
] 160 Vit
325p.[x,,, - 1024,[x. 33)
-3
L2 700p+2240, 3 ¢
325p - 1024 l
,-525p+1664, % o N &
975p - 3072 ' 325p- 1024 i

Substituting the value e; in equation (3.3), with
using conditions of the equation (3.2), to find the value

of d, in equation (3.1) and after some simplifications,

we obtain
175 .
i :—ph 3yi+l
325p- 1024
-175p 71 N 320 —ml
325p - 1024 325p,/x,,, - 1024 /x,, Y

h 7 47 225P+640 ., ) -825p+2560 1 ()

Vi 35p-1024" V1 T 1950p- 6144
. -320Vp W38, 50p -
325p- 1024 " 325p- 1024 "

After satisfied all known coefficients with the
spline function, can be show that the scheme of the
spline method are exist and unique.

The theorem's proof is now complete.

Hint. Using the above theorem, we can show
that the spline method's model exists and is unique,
since it’s easily to show that algebraically, after change
to linear system. However, the following theorems can
be used to show that the spline method construction's
convergence analysis is correct.

Lemma 3.2. Let s(x) €
C3the fractional continuity equations, Xjp1 =X +
kAh ,0 < k < 1, with s(x) in [xj_l,xj], then

3 3
D(E)s(xj+) = D(E)s(xj‘), Respectively for j =
0,12, .., N. (3.4)
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Proof. Leads to the equations (3.1) and using the
fractional continuity of the equations (3.3), we obtain

S(‘xi) =4a, +(xi - xi)bi ++(xi - xi)zci

5 7
+Hx, - x,)°d, +(x, - x,)%e, +(x, - x,)2 f..

1
S(x)=y, +(x- xi)yt_(l) +§(x,_ - X, )zy,.(z)

01780 m
325p- 1024

-1
RN 320

325p- 1024

325p,/x,,, - 1024\/_
5

> 4 225p+640h

+(xi - xl_)3 h? -2,@

" 325p-1024
,-825p+2560, 1
19500 - 6144
-320Mp 3 D,

325p- 1024 i

50p 2,
s25p-1024 |

il
1050p - 3584 , =
3250 - 1024 Vi

hz @

1+1

- 350p+1024
325p - 1024

+(xl_ - X, )E +

- 1050p +3584
325p - 1024

n7- 160
325p,/x,,, - 1024,/x,
'zy. 700p+2240h y@
1 325p-1024 i
,-525p+1664 5 o) 160v/p

1
2 @
Vi

975p - 3072

- 900p +2560 , 160vp e &l
325p - 1024 " 3551024 &
,.300p- 1024 h o (900,0—2560 h';

T 325p- 1024 Tin 325p-1024
- 2
- x) 160
325,0\/_ 1024\/_
,800p- 1856 7, 450p- 1408 h;y@
T325p-1024" 7 Torsp-3072 70 0
(3.5)
1
bi 4 2

E)(x. )= + c, (x Xx.)
i+l \/pXi+1 \//_7 i+l i

+%pd (X, - X, )2 +—fe (X, - x,)

105\/—f - x )

325p- 1024 T L
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1 3
NLYE LY

3
595, =2

px., Np ' Np
185\/_eh+@fﬁh2
1 3
LA LI PR PN
px, Np ' Ap 8

z Vi~ 2yi +yi+l:|

-1
2

_ -1 I:y@ (1):|+bh21|: @ (l):|+bh
2

@)
8-y

1

J"'th[ (2) y(z)]_,_ah ;(:1 y

where

o 25608257 30807 —984.3757
LT 32571024 7 305507 —102447 |
_-5120+3690p - 656.25p",
3250\p - 1024/p
10407 —328.12572 —8192 + 57007 —984.37572
V)=
32577 —1024/7 195077 — 61447

This linear system can be written as follows:

ﬁ
ah’-2ah? jyi

B =

1 3I f 1
—a h +tah? |y +
fdﬁxm © e

3 N0 a0
+a2h z yi+

_ 1
1 L\/M 1 i-1
-1 -
pxi+1 u

+gh2y(2) ah'y, @ +ah y

1

1+].

Y(X) = [yi—li Yir Yi+11-":|T J
Y(x) = [yi(ﬂ’ o, i(ﬂv--]T _
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Y =[y@, y@,..] ,
~ S & T
Y(x){yiz Yia }

AY (x) = BY (x) +CY (x) + DY (x)

I DRI 2
\/Ea/r +ah? \/Ea/] -2a,4? ah? 0
3 3
0 u af +ah ! af-2ah? 0
A=
. 3 1 3
0 0 \/Ea‘/f‘ +ah? \/;a‘/fl -a,h?
0 0 0 u a/maﬁ
ﬂ.l‘”‘
LIy R SN SY AT 0
N2 ' Ne2om t -
| ES - el
0 -Bi? -B)i? 0
\/; B4 \/Eﬂﬂ‘ 8%
= - : .
| ER El
B2 e
0 0 \/]7“‘ ﬂlz \/;MH‘B‘ ‘[3‘)1
1 =l
0 0 0 -pi?
q/‘[.l”‘ ﬁl
1 1
A 0 0
1 1
2 2
0 -y /4> /A 0
C= ,
1 1
2 2
0 0 o O/ 4
!
_ 2
0 0 0 -y4
—a s ah” 0 0
0 —a i ok 0
D= : . ’ . :
0 0 —a s ah
0 0 0 -ai’

3. Convergence Analysis

In this section, we'll look at the convergence
analysis of the proposed cubic spline method with
fractional order, equations (3.1) and (3.5) are
considered for evaluating the equation's using
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fractional differential equations, and is dedicated to the
convergence of the spline method.

Theorem 4.1. Let y(x) € C3[0, h] be the exact
function, and s(x) be a fractional polynomial that
exists for all points x in [a, b], and that matches y(x)
and its first n-1 derivatives y™at 0 and h. Then
ih%m (h) $=0
1057 ’

e,y . =2
[s” ) -y P o<1 g 2
p=1

¢

15V
4 3

———h2w,(h ,

N

s2(8,)-y"7 (@)

S
h2w,(h)

where o ,(h) =

the modulus of

continuity in [24] , B,,«, [01] , and 9 is the order
of truncation errors.

Proof. First the truncation errors of order
3=0, since S(x) is the non-polynomial spline of
fractional order and a piecewise continuous function
on [a,b], for j=12...n . Suppose that y*(x)
denoted the restriction of S®(x)over [X;4,X;]

then for  is zero, we have

2 1 o, 4 5D
S(xi+l):yi+_h2yi2 +hyi +_h2yi2
Jp 3/p
1 8 > O
+—h2y.(2)+ h2y 2
2' 1 15\/; 1
7 7
+ih3yi(3)+LhESi(5)(ba).
3! 105v/p
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2 1 (E) 2 1 (é)
‘S (x,.,)- yv.alEQ, +Th 2y.2 +hyi(l) ‘S ® (x1+1)_ yi(ii £ (yl_(l) +Th 2yl_ 2 +hyl_(2)
P P
2 S 1 8 > 35 )
+Th2 +§h2y,¢(2)+mh2yi2 +—3j;h2y,-2 +%h2y,-(3)+—15i3/;h25,-2 (b,))
+_h3y<3>+ 16 h;S 2(b,)) @4 2 h% <§)+h @)
3! i 105 \/_ - () +\/; Vi Y,
2 1 & 4 32 & 3 5 5 7
-(y, + h2y? +hy(1)+ h?y 2 + 4 n2 (2)+ih2 8 n2 &
; i ——h?y, v, t——=h?y*(a,))
Jp o 3\/; 3Wp 2! 15\/;
1 - )
+—h _(2) + h 2y_ 2 T ;
21 i i g 2.d 1
15\/; 7 - ‘S(l)(XH-l) yl(ﬂ \/;hz S? (ﬂa)_yz (aa)
+%h @2 _nzy@(a,)) !
105

for @ = 2, we obtain

@ 4 3 _( @, 4 > _(%’
Yi h2y;2 +hy; h2§,2(B.)
' f ' 3\/; e

1
-y +—=h? y. " hy® + hzy. (@)
JE 3f

16

a.d h
S(Xiy) — Viu| < h2||S 2 -y (a
‘ ( |+1) y|+1‘ 105\/; (ﬁa) y ( a)

5 %) -y <

for @ = 1/2, we obtain

3 & I
5@ (x,0) - v < —=h?[s 2 (B,) - y? (@,)]

4
BN

Theorem 4.2. Let y(x) € C*[0, h] be the exact
function, s(x) be a fractional derivatives of scheme

2 3

)
(y2_|_ hz (1)_|_hy

S 2 (x1+l) y1+1

mnﬁ

5 5
=) > . :
\/7 h 2 A T h y —\/—h 2y spline function that exists for all points x in [a, b], and
3 P , . 15 '10 that matches y(x) and its first a« -1 fractional
+% h 3Si(5)( b))- ( yi(i) +%h2 y® derivatives y(®at 0 and h. Then
) p 1 3
&) 1 S alyl+bly? ey ) ++d1‘y(5’u)‘+§hz%(h) L 9=3
+hy. @ 2 h2 yP+—h?y? & o 5
3\/; 2! ' | H |y +by® ()] + ¢,y 2 ()] ++d, |y 2 (D) +hay () b=
5 (x..)~ ¥ ()< 1 ! )
5 7 G @ 2 3 -
., 8 hEy.‘3)+£h3y4(5)(aa)). aly()l+cily u)++djy @+ o, g3
15Vp 3! aA\y(ﬂ)H+c4Hy‘?<z>+w.,(h) g1
(1) e IR0 Where
( |+l) y|+1 <=h S (ﬂ) y (a)
3l
) a - 2560 — 8257 1 1
for @ = 1, we obtain 3257 ;. —1024/7x
_3600—1143.75ﬂ . _1472—468.757r
' 3257-1024 ' 9757 -3072

193
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3 3

- 384013507 . 590 - v Pl e 2 h%y@
3257\mx,,; — 1024F R RN e N P
¢, = 20020-6525m 5y 4000-1275w 2560 - 825p e
3257-1024 3257 -1024 3250 px.. - 1024 px.., \/;
~180 b & 3600-1143.75p , ., &
" 250 o, 1020, T ey 1024ph Vi
¢, - 67200 — 213457 ‘; +—1600+506.25pyi(§)+ 1 hZS(%) b.)- (y;g)
32577 — 1024f 97510' 3072 5
~17920-56957 '; + % hzy,-(”+hy,.(5)+ \4F hiy (3)+1 2 & P (@),
 3254r - 1024\/_ P 3p

5

5
L VP )= ¢ ey (@)
Ir

" 3257 %, - 1024F

33600-10762.57, _, S
= where a,, 5, € (a,b). (&) 105
= gosro100a " whusiabh) S (X)= —hzd +—\/ TS J hf,

F Jr

Using the values of c;,d;,e, and f; to obtain

Proof: Since D%*s(x) is spline interpolation S<§>( )=( 1 h ,.30720- 22140p+3937 50°
polynomial of degree 3, and matching fal S

Jox., 1950p\/p - 6144v/p

-1 -
8 Q.2 0. @, 4 e, L0 h7y1(2)+12180\/;_3937'5p\/;h7y,-+1
Y2 (%) =Y;2 +—=h%y" +hy,? +—=h?y; +—Ih yi2 (a,) 325p- 1024
Jr Nx 2 W 12180V p +3937.50p Vi 3840- 1350p
5 325p - 1024 325,0\/,0)(. - 1024, px,
sP(x.)= Py 4 pae. 8 +—\Fhe +105fh f " "
W) ix N .., , 7680- 10680p +2625p’
i+l h . h yi
4 325pf 1024\/—
Write Y, y.+1 and y ) in Taylor series form , we 7 3840+1350p , . -4200\/,; +1312.50Vp h?ym
325p- 1024 = 325p- 1024 i
get: ) & 1
1 2 1 SE X _ Ex_ F(—— @4
S 2( X)) = yi(1)+Th2yi(2) (x,0)- v 2 (x ) E(C o Vv,
pxl, “ p i+l .
2560- 825p h'ly[ 3840- 1350p h_zyi +yi(5)
325p,/px,., - 1024/px,, 325p,/px,,, - 1024/px,

B 0 D, 3600- 1143750 ) 4+ 2 .3 @ 4 20520- 6525p ., i(%)
N ’ 325p - 1024 : Jp 325,0- 1024
_1600+5O625,0y‘2+ thZ(b) 400 1275ph y2 +hSZ(b »

975p - 3072 ! 2 325,0 1024
7
YO +J_h2 @ +hy?(a,)).
p

194
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5 5 - =1
R -1 59 (s, = (800250 p 108000p 2,
p pxj+l 1 pxi+1 + - 1050\/; )h»3y
h?y, + L ,-(2)+222§O_ i?)zzip 2,6 325p.[px,,, - 1024/px, , ’
Jpx,., P - ,3937.5p\p - 12180Vp 2
400- 1275 &) 325p - 1024
szﬁ v, +h|s @ (b,)- ' (a )| ,2953.123pp - 9240Np .7 o
925p - 3072 g
gl = S5600-107625p, -, -33600+107625p s +-5906-§g§f1+01238006 K3y
i+l i+l
' 325p- 1024 ' 325p - 1024 1050Vp .. & 1968pp - 6720Vp P
\ -180 LT 3250-1024° TTT 32501024
3250, px,,, - 1024, x 325p- 1024 O e ] '1°5°£4 T
p px1+l - pr_l
-5
+-21600+6862.5,0h_1 .(2)+ 180\/7 ? 5 33600 - 10762. 5p .2 s o) b)- v & @)
Bp-1024 71 3%p-1 24 E 32503 - 1004
3250- 10 3250- 10
13440+4237 5’0h The theorem's proof is now complete.
325p- 1024 Hl 4. Numerical Results and Discussion
S(s)( ) (3)( ) £( -180 In the two numerical examples in this section,
xi+1 y ’xi+1 . . .
325,0\/,0)6, . 1024\/10)6‘ the method is used to complete all computations; two
i problems are considered to define the class €3 of
h7 N 67200- 21345p h 2 fractional interpolation spline and to test the
computational applicability of the provided method.
325p \/7 10243\/73 The application of the results in two parts shows the
s 17920- 5695p i 2 ) y(e) value of the proposed technique. Tables 1, 2 and 3 are
iven below.
325,0\/7 1024/p o
2 2 1 d The term e, @) and e® represent the
s i) 0+ a), - e e o
\/; i \/; i a maximum  magnitude errors  |e(x)| = |s(x) —
180 y(x)], |D(5)e(x)| = |D(5)s(x) — D(E)y(x)| and
|S D) v x| E 325p \/me - 1024 \/Pxfﬂ [e'(x)] =1S"(x) — y'(x)| respectively, and the First

-5
2
h ;

-5

67200- 21345p , & ()

32504 - 1024p
. 17920-5695p 3 ©
325p+/p - 1024/p ‘

1 7 7
+Zn2|sPw)- »7@,)).

N

error Ly = Y |s;(x) —y(x)| , the Euclidian error
= /X%, Is;(x) —y(x)|?> and the maximum error

Loo = max |s;(x) — y(x)| see [23].

Example 5.1 [24]Consider the following nonlineanr
FIVP as

Q6)
Qq4.5)

7 5 3
2. 300 2, QY 12+ 3+ 2%

D2y(t)+y*(t)= @5 tazs

and the y'(0)=0 = ( with initial condition

y(t)=1t°

,» ¥(0)

- 3t* +2¢3 exact solution is

195
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Table 1 Absolute error of S(x), and its derivative of

example 5.1.
) ,
h L, 5\2 (x) S (x) L1 LZ
—error | _ y(%) @ |~ y'(x) | —error | —error
0.001 9.61 1.06 6.07 4.22 2.40
: x 10712 x107% | x1077 | x10711 | x1073
P 8.46 6.11 2.47 3.50 4.09
: x 10711 x107% | x107° | x1071° | x 1073
0.003 | 3-09 1.71 5.64 1.22 5.60
x 10710 x1077 | x107° | x10™° | x1073
0004 | 7 86 3.57 1.02 2.99 7.02
) x10710 | x1077 | x107° | x10™° | x1073
001 | T 56 4.84 6.93 5.41 1.46
: x 108 x107® | x1075 | x10°8 | x 1072
0.02 1.20 2.44 3.12 4.96 2.53
: x 1077 x1075 | x10™* | x1077 | x1072
003 | 188 7.39 7.70 1.74 3.41
: x 1077 X105 | x10% | x10°°% | x10°2
0.04 5.54 1.63 1.48 4.06 4.10
: x 1077 x10™% | x103 | x10°°% | x10°2

Table 2 Comparison with the method in [24]. The
absolute error in Example 5.1 is shown.

h Our method Ref[24]
0.001 9.61x 10712 | 2.2062 x 10711
0.05 3.98 x 10~ 1.1743 x 10~*
0.02 1.20 x 1077 3.3143 x 107

The maximum absolute error in [24] with 2.2062 %
10711 is analyzed in which has result h = 0.0001 while the
maximum absolute error using our method which is
presented in table 1 and table 2. The numerical results of this
problem show that our method converges exponentially and
is more accurate than the method [24].

Example 5.2 [19] Consider the following initial value
problem D?u(x) + sin(x)D%u(x) +xulx)=f(x) ,x€

[0,1] where f(x) =x° —x® +56x° — 42x° +
15 13
sin(x) 22 %7 —%ﬁ) with initial conditions u(0) =

6435
0 and u'(0) = 0 The exact solution is u(x) = x® — x7.

Table 3 Absolute error of S(x) and its derivative of

example 5.2.
&)
h L. S\2 (x) S’(x) Ll Lz
— error 1 —y' X — error — error
— y(Z)(x) y'(x)
0.00 | 2.5482 | 2.1 1.206 | 5.2396 | 2.2481
1 x10726 | x1072% | x10727 | x10727 | x 1077
0.00 | 3.6451 | 2.1588 | 8.7149 | 7.5034 | 1.3833
2 x10723 | x107%0 | x107%5 | x107%* | x107°
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0.00 | 2.5426 | 1.2423 | 4.0950 | 5.2397 | 3.9997
3 x10721 | x1072% | x10723 | x10722 | x10°°
0.00 | 5.1483 | 2.2017 | 6.2849 | 1.0622 | 8.4890
4 x10720 | x10723 | x107%22 | x10720 | x10~®
0.01 7.1731 | 2.0742 | 3.7447 | 1.4911 | 9.2549
' x1071% | x1071° | x10718 | x10716 | x 1075
0.02 8.9640 | 2.0804 | 2.6559 | 1.8924 | 5.5412
: x10713 | x1071% | x10715 | x10713 | x10~*
0.03 5.3253 | 1.1746 | 1.2243 | 1.1480 | 1.5526
’ x107™11 | x10714 | x10713 | x10711 | x1073
0.04 8.8576 | 2.0412 | 1.8426 | 1.9675 | 3.1754
’ x10710 | x 10713 | x10712 | x10710 | x 1073

Table 4 Comparison with the method in [19]. The

absolute error in Example 5.2 is shown. .

n L, —errorin L, — error in Ref
our method [19]

4 1.6697 x 10728 4.01x10°*

8 7.2304 x 10727 8.61 x 10712

12 | 7.2129 x 10726 3.17 x 10715

16 | 3.7649 x 10725 2.35x 10717

The maximum absolute error in [19] with n =4

is analyzed in which has result 4.,01" 10* while the
maximum absolute error using our method which is
presented in table 2 and table 3. The numerical results
of this problem show that our method converges
exponentially and is more accurate than the method
[19] in table 4.3
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0015 ¥
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000000 000005 000010 000015 000020 000025 000030 0.00035

Figure 1 Approximate solution and exact solution for
example 5.1, whenh = 0.01.
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Figure 2 The maximal absolute error, when h = 0.01 for
example 5.2.

5. Conclusion

In the paper, we have successfully introduced a
scheme of spline function and constructed a
polynomial spline numerical procedure based on the
fractional order to solve fractional differential
equations. All constant coefficients as fractional
derivative type Riemann Liouville derivative, and the
continuity condition, with fractional derivatives, so
numerical accuracy and computational efficiency
depend on the step size of h and this scheme spline
method is easy and used to calculate the Riemann
Liouville derivative. The two examples illustrate that a
given method can successfully approximate the
answer; In comparison to those methods already spline
methods developed than the results show in the
figures, on the other hand. The proposed method
approximates the higher-order derivatives while
concurrently approximating the solution of fractional
initial value problem. A spline method is also
developed based on the coefficient and the
convergence of the approach.
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