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ABSTRACT

The characteristic-free resolution of K, 5 3) is applied to the Lascoux resolution of
K (7,53 F (characteristic zero resolution) in this paper. This research teaches us about the
relationship between the resolution of the weyl module K, 5 3yF in the characteristic-free
mode and the Lascoux mode.

In this work, let R be a commutative ring with 1, J° be a free R-module and D; be

"the divided power algebra" of degree j. M is a left-graded module with for W = Z%; €
Aand v ¢ D= @ De=, . We have W(V) = Z3, (V) = 93 (V). where the separator x
vanishes between Zggand ag. Also by using Capelli identities we prove the sequences
and the subsequences of the terms of characteristic zero satisfy the commutative for each
diagram in these sequences and subsequences. Finally we get the reduction of the terms
of the resolution of the Weyl module for characteristic free to the terms of the resolution
of the Weyl module for characteristic 0.

1-INTRODUCTION

Assume that R is a commutative ring with 1 and F

The authors of [1] and [2] explain Lascoux's description
of the characteristic zero skeleton in the resolution of

is a free R -module. The divided power algebra DF =
Y.is0D; F is known as the graded abelian algebra formed
by x{ where x € F and i are non-negative integers, and
D;Fis the divided power algebra of degree i.The
partition resolution (p +t; +t,, q + t,, r) is illustrated by
the figure below, and in our instance t; = t, = 0.

1, »r

A= t, 9
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skew-shapes. While the writers in [3], [4], and [5] show
the development of the provisions of Lascoux resolution.
The authors in [6] demonstrate the terms and precision
of the Weyl resolution in the situation of partition (7,5).
In addition, in [7], they analyze the terms of the complex
of characteristic zero in the case of the partition (7,5,3)
and the diagram for the complex of characteristic zero in
the case of the partition (7,5,3). The next section surveys
the terms of characteristic free resolution of Weyl
module in the case of the partition (7,5,3), which is the
generalization of the partition (3,3,3), whilst in the
previous part we stratified the resolution acquire it in the
next section to the Lascoux resolution by itself track of
authors in [8] and [9] with Capelli identities as in [10].

2-THE CHARACTERISTIC-FREE RESOLUTION IN
THE CASE OF SKEW-PARTITION (7,5,3)
We divided the following formula for the case of
partition (p4,p,, p3)to obtain the terms of the
resolution for the partition (7,5,3), [15]
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Res([p1,#2;0) ® D,,, D

2720 é(gﬂ) YRes([pr,p2+J+1L,J+1D®
Dp,-g-1©

2.9:209,23: 29D yz 0 D zRes([py + I + Loy +
J2+Ld2 =D ®Dp,_ s\ s 1n

where gfg‘) is the Bar complex

0 = ZoywZppw ... 2

m—times

- Zki21,2ki=nggl)wz(g;2)w ...Zg‘;m‘l) > o
Zy) = 0
Hence the terms of the resolution for the case for the
partition (7,5,3) is
Res([7,5;0]) ® D3 @ X520 20+ yRes([7,5 + J +
1,J+ 1]) ® D3—(J+ 1) D
7.209,20 Z5 D yZ D 2Res([7 + Jy + 1,5 +
J2+ 1,32 — 1D ®D3’3—(J1+Jz+2) ...(1)
S0
Y1502 yRes((7,5+ T + ;T + 1) @ Dy _g_1 =
Z 3,yRes(17,651]) ® D, @ 2.7y Res([7,7;2]) ®
Dy @ Z45y Res((7,8;3]) ® Do
And
29,20,9,20; g%”” yggl“)zRes(U +J,+15+
J2+ 1L,J2 — 1] ® D3_(g,+ g,+2)
= Z3,Y2312Res([8,6,0]) ® D,

@ 2.3y Z312Res([9,8; 1]) ® D,

Where Z 5,y is the Bar complex

2
0 —>Z32y—>y Z3,— 0
And

z 3y is the Bar complex

d ad
0— Z323’Z32}’_’y Zs(g)y _y’Zg) — 0

And
z )y is the Bar complex

¥y @ @)
0> Z3,Y23,Y 23,y —— 235V 23,V D Z3,¥255°Y

dy 3) dy 3)

—Z5, Yy — 43, —0

And Z3,z is the Bar complex
0z
0 — Z312 _— Z31_) O

where x,y and z stand for separator variables, and the
boundary map is
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Oy + 0y +0,.
Assume Bar(M, A; S) is the free module of bar in the set
S ={x,y,z} ,and A is the free associative (non-
commutative) algebra created by by 24,25, and Z3;
and their split power's with the following relations:
(@a)e ) _ & ()5 (a) (@ (b)) _ & (b)s(a)
Z3y 23y = 23y Zgy andZyy" 25y = 23y 2,5y
And the module M is the direct sum of the tensor
product of the divided power modules D, &
D,, ®D,, for appropriate p,,p, and p; with the
action of Z,,, 25, and Z5, and their divided powers.
The characteristics-free resolution's terms (1);
where ’b,’b4, 'b,, ‘b3, 'by, 'bs, 'be, by, U4, U, € Z7 are:
¢ Indimension zero (x,) we have
oD, @ Ds @ Ds.
¢ In dimension one (y;) we have
o Zz(ib)x D7+'b @ D5—'b @ D3 , 1<’b<5.
0 Z YD, ® Dy ®Dsy , 1<BH<3 .
¢ In dimension two (,) we have
o Zz(lbl)x Zz(le)x D7+|'b| @ D5—|'b| @ D3, 2 < I ‘D | <
5, where |'b| =’b; + b, and 'b; > 2.
023,V 2% Dypy ® Dy, ® D5, 2 < b <6.
02D yz2 V% D)y ® Dy ®D13< D <7
02y 2 V% D,y ® Dy ® D4 < b <8,
'b ‘b )
N Zs(z v yzs(z 2)3’ D7 @ Dsypp) @ D3_pp) » 2 < |'D] <
3. where |'b| =’b; + ’b,.
0 2y 2312 Dg @ Dsypoy © Dyypyy» 1< D] <2
where |'b| = 'b; + 'b,.
¢ In dimension three (y3) we have
7. (01), > (b2) ) &> (b3), p D D
° 21 X2y X Zyy 7% Daypp @ Ds—ppy D D3,
3<|'D| < 5,where|'b| = ¥3’b;,’b; =3
‘b ‘b
¢ Z3,y Zz(1 1)x 22(1 Z)X D74 pp) @® Dg_pp| ® D,,
3<|D| <6, where |'b] = by +’b,,’b; >3
2 ‘b ‘b
° Z3(2) yZz(ll)x 22(12)95 D745 D D7_pp @ Dy,
4 < |'b| < 7,where |'b| ='b; +'b,,'b; = 4
o 7. B3) o (01) .o (b2) ).y D Dn6 <
32 Y231 XZy; XDy D Dg—pp) D Dp,6 <
|,b| < 8,Wh€l’e|'b| = ’bl + ’bz, ,bl > 5
o Z32 yZ32y Zz(lb)x D7+'b @ D7—'b @ D1,3 <D <7.
o 20 7 () g 2Oy D,y @ Dg_y ® Dy, Where
U1+UZ=3,4S ‘b S8
©Z32Y 232y 232 D7 @ Dg @ Dy
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023y 23122, % Dgyy D Dg_y, ® D1, 1< B<6
0 Z32 Y 235 ¥231Z Dg @ D; @ Dy
2 b .
© Z33)yZ3122Z,; )% Daypip) @ Do) @ Do 2 < | D | <
7, where |'b] = b, = 2
¢ In dimension four (y,) we have
o Zz(lbl)xzz(lbz)x 22(153)36 Zz(1b4)x Dy ps) o) Ds_py, o)
D3, 4 <|‘b| <5,where |'b| = ¥?'b;’by =2
'b ‘b ‘b
0 Z3¥2 511)’522(1 2)35'2"2(1 Jx D715 © Do © D2
,4<|‘D| <6, where|d| =  ¥3’'b;,’b; = 3.
2 b b b
° Z"3(2) yzz(1 1)xZZ(1 iy 22(1 U D711 © D73 D
D1, 5< |'b| <7,where || =  ¥3'b;,’b; =4
3 b b b
° Z3(2) yZZ(l 1)3‘*7~"2(1 Dy 22(1 Jx D745 © Dg—p3 D
Dy, 7 < |'b| < 8,where |'b| = ¥3’b;,’b; =5
b b
o Z33Y Z32Y23 PxZ X Dy ® Dy DDy
4 < |'b| <7, where |'b| ='by +'b,, by =3
o 23(;11))723(;12))722?1)35 Zz(lbz)x Doy @ Dg _ @ Dy,

where Uy +U,=35< D <8, |'b]="b+
'b,,’'by =4
‘b
¢ 232y Z32Y 23 yzz(l )x D744 @ Dg_y D Dy
4< D <8

‘b ‘b
0 Z3p Y2312 2,5V x 2" xDg 4 oy © Doy ® D12 <
I'b| < 6, where |'b| =’b; +'by,and by =1
Z(Z) Z Z ('bl) Z ('bz) D @ D 69 D
° 32 V4312451 "X Lo1 X Ugt|p| 7—|'p| 0
4 < |'| < 7, where |'b| ='b; +'b,,’'b; =3
¢ In dimension five (ys) we have
0 2,y 20Dy 2y z 0y 29 b @ D@
D5,
¢ Z323’Zz(1b1)x Zz(1b2)xz 223)" Zz(1h4)x D745 D
Dg_pp @ D, ,6 = | ‘D |; where |'b| = X¢'b;, by = 2.
2 'b ‘b 'b 'b
° Z3(2) y 22(11)" 22(12)"22(13)3‘22(14)9‘ Dyypp @
D;_pp; @ Dy, 6 < |'b| < 7, where|'b| = X 'b;, by = 3.
R Zg)y Zz(ibl)xzz(iBZ)xzz(]'_b3)xZZ(j’lb4)‘xD7+|'b| o)
Dg_py @ Dy, 7 < |'b| < 8, where |'b| = X#'b;,'b; = 4
o Z T ('b1) z ('b2) z ('b3) D o)
32 Y £32Y4%51 X Ly X Lpq X Dyypp
Dy_pp ® Dy, 5 < |'b| <7, where |'b| = ¥7'b;,'b; =3
U U 'b 'b 'b
R Z3(2 1)yZ3(2 Z)YZZ(l 1)x Zz(1 z)xZZ(1 3)x Dy o)
D8_|'b| @ Do, Where ul +'U2 = 3 y 6 S 'b S 8
'] = ¥3'b;, by = 4.
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b b
¢ Z32yZ32yZ32yZZ(1 1)x 22(1 Z)X D7+|'b| @ D8—|'b| ® Dy
,5 < |'b] <8, where |'b| =’b; +'b,

b b b

o Z32Y 2312 2, PxZ, % 207 % Dgypoy @
De_ypy ®Dy,3 < |'b| <5, where |'b| = ¥3'b;, and
by > 1
0 ZasyZa2y23122. P x 2. x Dot @ Doy D D

32Y432Y431Z2451 "X L1 T X Dgyp| 70| 0
,3< |'bl <7,where |'b| ='b; +'b,
2 b b b
0 28y23122, V%2 x 2P xDg yy ® D7y D
Do,4 < |'b| < 7, where |'b| = ¥3’b;, b, = 2
¢ In dimension six (xg) we have
0 23 yZZ(lz)mex Z 21X Z31X Z31x D13 D Dy @D Dy
‘b ‘b ‘b 'b
Z32Y232Y 22(11)’522(12)" 22(13)" 22(14)" D7 pp)
@ Dy_py D Do,7 < |'blwhere |'b| = X7 'b;, by = 4
¢ Z3(§) y Zz(f)x 231X Z31X Z31% Z31x D14 D Dy @D D,
'b 'b ‘b
©Z3y Z32yZ31ZZZ(1 1)xZZ(1 2)"2'2(1 Vx Dgp)
@ D7_pp; @ Do, 4< |'n| <7, where |'b|
¥3'b;, by > 2
N Z?gll) yz?glz) y Zz(ibl)xzz(;bz)x Zz(ibs)xzz(l'b4)x
D7+|’b| D D7—|'b| @ D, where U +U,=3,7< D
8,I'b| = X 'b;, by = 4
b b b
0 239 Y235 Y233 }’Zz(1 Vx 22(1 2)xzz(1 Vx D7ypp D
Dg_p; D Dg,4 < |'b| < 8, where|'b| = X7 'b;, by = 4.
2 b b b b

o Z?EZ) y Zglz Zz(l 1)xzz(1 Z)x 22(1 3)x 22(1 4)x D8+|'b|
@ Dy_py D Do, 6 < |'b| <7, where |'b] = X7 'b;,and
by > 2.
¢ In dimension seven (y-;) we have

3
¢ 235 Y23,y 22(1)95 221X Z31X 231X Z31x D14 D
Dy @D, .

o Zayy Za12 2,0 x 2.0y 7 (P (09 7 (b),
Dgypp) @ De-pp @ D1, 5< |'b| <6, where |b| =
>2'b;, by > 1.

0 20 yz W) ) g (00 5 (b gy (b), gy (b)
2% Dyypp) @ Dg_po) D Do, Where Uy + U, = 3,
9< ‘b <10|b| =X}’b;, by = 4.

b b b b

0 Zay Y Z33Y Zay yzz(1 1)x Zz(l z)x z gls)x ZZ(l 4)x
D7+|'b| @ D7—|'b| @ D01 7 < |’b| < 81 Wherel‘bl =
>#'b;, by = 4.

4 2323’2323’231222(1%1)’5 ZZ(PZ)x z g?ﬁxzz(ib“)x



P- ISSN 1991-8941 E-ISSN 2706-6703
2023,(17), (2 ):317- 325

ZL " xDg o) D Dyoppy ® Do, 5 < I'B| <7,  where
I'b| = ¥?’b; and by > 2.
¢ In dimension eight (yg) we have
0235y 2312 231X 231X Zy1X Z31X L1 X Z31X D14 D
Dy © Dy
0 20 yz WD) g 5 7 (00 g (02) g (ha)y g ()
25, Dy @ Do) D Do, 6< 1l <7,
where|’b| = ¥?’b;,’b; = 2,and Uy + U, = 2
© 33 Y233V %37 Y253 X Z31X Z31XZ 1% Z1X Dy

@ Dy © Dy

3-LASCOUX RESOLUTION OF THE PARTITION
(7,5,3)
The Lascoux Resolution of The weyl module
associated to the partition (7,5,3):
DoF @D FRDF DoF @D FRDyF
DyF @D F @D F —— =] w— =] et DyF SD5FSDyF
DyF @D FED,F D.F @D FED,F
where the position of the terms of the complex
determined by the length of the permutations to which

they correspond.

We currently have the following matrix with the division
(7,5,3):

D,F D4F D:F
DgF DsF D,F
DyF DgF DsF

Then the Lascoux complex has the correspondence
between it,s terms as follows:

D,F ®DsF ®D3F «———> identity

DgF ®D,F ®D3F ————(12)

D,F @DcF ®D,F «——( 2 3)

DoF @D4F ®D,F «———(123)

DgF ®@D4F ®D,;F ———(132)

DyF ®DsF ®D,F «——(13)

As in (8)the terms can exhibit as pursue

xo =£¢ =My
X =£,0 My
x, = £, M,
X3 =£;0 N,
x = Wy for j=4,5,....... ,11

Where £, are the sum of the Lascous terms and 9t are
the sum of the others .
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Now , we acquaint the map a;: I; —— £, as pursue
2 1

'Z§1)x(V) = = Z31X051(v) ;

where v € DgF QD3 F QD3 F
3 1 2

-Zgl)x(v) =2 Ly X 651) (v)

; Whel‘e VvV € D10F®D2F®D3F
4 1 3

L5 x(v) > 7 Zpyx 057 (V)

; wherev € D;;F®D,FQDsF
5 1 4

LS x(V) > < Ly x 05y (V)

; where v € D1,FQD,FQD3F
2 1

-Zéz)y(v) =3 Z37Y035(v)

; wherev € D,FQD,FQD, F
3 1 2

ZYW) 1 S gy 057 ()

; wherev € D;FQDgFQD, F

We ought to indicate that the boundary of the map o,
implement the identity

)

8¢,£,01 = O, m,

Oyt
g — £0 S mo

N

Where 8¢ ¢ the component of the boundary of the fat
complex which conveys £; to £,. we employ the
registration &g, ¢, , 8¢, ,am, €tc.
thus we can acquaint d,:£; — £,

01 = 8¢ g,
It is plainsman to exhibit that d; implement 2, for
example we adopt one of them :

1
(Be,g, » 61) (Z67x(V)) = 85, » 615 Zaax 0y (V)
1
= 2 (921057 (v)) = 92 (v) =8, m, (257 x(v))
as long as we can acquaint d,:£, - £, by
077610 618¢,0m,

Proposition 3.1 :
(4) ,(5) and (8) the composition d,- d, equal to zero .

proof :
(010 02) (8) =8¢,¢,.(8¢,¢, (8) + 618¢,a,(8)
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=8¢ £, .0¢,¢, (8) + 8¢,¢,.610¢,0m, (8)
But 8¢ ¢, 61= Sqn,am,-then we attain
01 203 (8)= O¢, ¢, .O¢,¢, (8) +Oum,am, O¢,am, (8) Which
equal to zero , because of the properties of the boundary
map3, so we attain d,- d,=0
Now we have to acquaint o,:9t, — £, such that
8am,e,+ 61° San,m, = (Bg,e, +61°8g,m,) °62 ...( 3)
we acquaint this map as pursue :
Z31XZp1 xvy— 0 ; wherev € DgFgD3FgD3 F
Z82x7,1 x vy— 0; wherev € D, ,FgD,FgD3 F
o Z9x78xvy— 0 ; wherev € D, FgD,gD5 F
zgfszlx(v)H 0 ; where v € D;; F®D,; F®D,F
2P %73 x(v)— 0 ; where v € D;; FQD,F®D;F
7,125V x(v)—0; where v € D,;F®D, FQD;F
2\ 7,1 x(v)— 0; where v € D;,FQD,FQD;F
7,125V x(v)—0; where v € D;,FQD FQD;F
2P x7x(v)—0 ; where v € D;,FQD F®D;F
VAR 2(3)x(v)n—> 0 where v € D;,FQD,FQD,F
*Z3yy Z X(V) = Z32yZZ1X 021(v) ;
where v € D¢9F(§Z)D4F<§§>D2
*Z3yy Zg?x(") — § Z32yzgz1)x 021(v) ;
where v € D10F®D3F®D2
'Z32yZ X(V) = Z32yZ(2)X 6(2)(\’) ;
wherev € D11F®D F(X)D2
L2y 233 x) '—’%Oz3zy x5 vy
where v € D12F®D F®D,F
'Z32yZ X(V)'_’ = Z32yZ§21)X 41(\’) ;
where v € D13F®D F®D,F
Z(2 yZ(“?X(v)l—) %Z3zy2g21)x 021 632(\))%
Z32y221 X031V ; Wherev € D1oFgD,FgD,F
72D y7®
Z(Z)xa 2) 632(v)+ Z32yZ21 X031y ;
wherev e D;;FgD; F®D1F
257y157)
wherev e D12F®D2F®D F

V=13 Zszy

2
XV o Z323’Z( 0()531(\’)2

e7® 1
Z, yZ xv) =
2) 1 5 .
L3y L% 03, )031(v)—gZ32yZ3126;1)(v),
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where veE D,3FgD,FgD; F

VAN AR T —Z32)’Z(2 X053 031(v) _l

Z3,y231Z 821 V) ; where V € D14F®D0F®D1F
Z(z)yZ(4)x(v)r—> 3 Z32yZ 2)x6(1 (V)_lZ32y

2 2
( ) a( )8(2 (V) Z32yZ312621 632 (V),

whereve D;1FgeD4FgDy F
2 3 3
Z(Z)YZ( )X(V)'_’ Z32YZ( ) 6( )agz)( V)e
232yZ312 821 631(V),Where VE D12F®D3F®D0 F

3 6
. Zgz)yZ X275 Z32y VA )y Zgl)x(v

_Z32yZ312 632 621 (V),Whel’e Vv E D13F®D2F®DOF
2%05) 93, 631(")_i
Z32yZ(2) 6(2) 6(3) 6( 3131 232}’231Z 03, 6%1)(\)) ;

(3),7(8) 1

* L3 Y11 XV 12

2 4 7
Z32yZ( ) 6( )6(1 M~ —Z32yZ312651) 0320%);
* Z3,¥Z3,yv)— 0 ; wherev € D,FgD,FgD; F
e 73,20y w— 0 ; wherev € D,FgDgFgDy F
e 2\2)yZ5,y(vy— 0; wherev € D,FgDgFgD, F

2 1
* Zgz)yZ31Z(V) 2232y 231203,(V)
It is plainsman to exhibit thatd, implement 3, for
example we adopt one of them :
3 .
'(5BZA1+6153231)(2323’251)95(1/)) ;
3 2 3

:61(Zgl)xa32(V))+61(Zg1)x631(V))_Z32y62(1)(V)

1 1 3
=3 (2219502(?032(1/)) + ‘22195621631 V) — Z32y62(1)(v)

(221’50320 (V)) _‘22195621631 V) +

N~ II

221x621631(v) Z32y621 V)
3
= (221’5032021 (v))+gZ21x621631(v)_Z32y62(1) )
And
1 2

(5A2A1+615A231)(§ Z32YZ§1)X 021(Vy)

1,(2) 1 3)
=01 231 X032 021(Vy)+(5 221X 032 021(V))-Z32Y 031 (V)
1 1 3
% 271X 024 03, a21(")+§ 751X 0y a31(")—232}’(’721)(")
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1
= Z21X 032 021 021 (V)

1 3
5 221X 021 031 (Vi3 221X 021 031V Z32y ag1)(")

1 2 1 3
=5 L21X03; 651)(v)+g221x 021031 (V)-Z32y 651)(\1)
As long as we can acquaint d,:£, — £; by
62:810 618£2§IR1.

Proposition 3.2:

We have exactness at £;
proof: see (4) ,(5) and (8) .
now by employ 6, we can also acquaint d;:£; — £,by

,1=1,2,3.

03 = 8g,¢,* 65° 8,
Proposition 3.3 :
The composition 9, ° d, equal to zero.
proof: The oneself track employ in proposition 3.2.
we requirement to acquaint
65 : M3 — £5 which implement Sqp_ ¢, +

62° Sqn,am, =(8e,e,* 62° Og,am,) °03 (4

As pursue .
o« Z31XZy1xZ51xvy— 0 ;where V€ D;oFgD;FgD3F
. 23 xZ,1xZ51xvy— 0 ;where v € Dy FgD; FgDsF

« Z31xZ %75, x(vy— 0 ; where v € D;; FgD,FoD3F

« Z31%751 X2 x (vy— O;where v € Dy, FgD; FgDsF

. Z2$3x7,1xZ,51x(vy— 0; where v € D;,FgDoFgDsF

e Zy1xZ %751 x(vy— 0; Where v € D;,FgDoF gD F
e Zy1%Z51xZ 0 x(vy— 0 ; where v € D;,FgDoFeDsF
AT AN )x221x(v)l—> 0; where v € D, FeDyFgDsF
. Z9x2,,xZ8 x(vy— 0; where v € D,,FgDoFoDsF
e Zy1xZ3 %728 x(vy— 0; where v € D, FgDoFoDsF
. Z3,9Zx 7D x(vy— 0; where v € D;oFgD3FgD,F

. Z32yZ21 xZy1x(vy— 0; where v € D1 FgD,FgD,F
e 23292 %7 x(vy— 0 ; where v € D, FgD,F gD, F
e Z32y 720 x 7D x(vy— 0; where v € D, ,FgD; FgD,F
e 232925 %72 x(vy— 0; where v € D, ,FgD, FoD,F
e 23297 x72 x(vy— 0 ;where V€ Dy, FgD; FgD,F
s Z32yZ %7 x(vy— 0 ; where Ve Dy,FoD; FgD,F
« Z3,yZx 70 x(v)— 0 ; where Ve D;3FgDoFoD,F
s Z32yZ$P %78 x(vy— 0; where VE Dy3FgDoFgD,F
e Z32yZP %7 x(vy— O;where Ve Dy3FgDoFeD,F

« Z3,9Z8 %78 x(vy— 0 ;where VE D, 3FgDyFgD,F
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« 732973297 x(vy— 0 ;where VE DyoFoD,FeD;F
e 23292329750 x(vy— O;where VE Dy, FgD3F gD, F
1
. Z32Yz3zyzgi)x(V) = — = (L32yZ31 2721 X 0§31) )
;where V€ D;,9D,9D,
6 1 4
. Z32yZ32yZ§1)x(v)l—> ~1Is (Z323’Z312221x62(1) V)
;where v € Dy39D; 9D
1 5
. Z32}’Z323’Z§?x(1’)'—’ BT (Z32yZ312221x62(1) V)
;where v € Dy, 9D oD,
o Z(Z)yZ xZy1x(vy— 0
* 310 (232}’231222195621 031 (V) ;where v e
D140D10Dy
2
Z( )ngzyZ x(vy— —(Z32yZ312221x621 031(v) —

5(232}’23122219(632(17))
;where V€ D5 9D oD,
Z“)yz VZp1x(vy—
- (Z32yZ312221x 62(?631(V));Where VE Di;9D30D,
Z(g)yZ(s)yan(V)'_’
E(Zszyzslzznx 632621 () —
1
1—0(Z32yZ312221x62(i)631(v))
Where V E D13 @DZ ®D0
 2PyzPxzY ZayyZ122,,x08>0
y X x(v)'—> ( 32Y4312421X0,, 31(V))
; Where VE Dy39D, 9D,

78 7o,y 7Z1224,x0$P0 -
(Z32YZ312Z21x0,7 031 (1))
0)

Z(B)yZ(S)xZ( )x(v)l—>
g(Z32yZ312221x621 032 ()

2
) 1—5<Z32yZ312221x62(‘;)631(v)>
D14®D1®Do

4

z$3 yZ( ) Z( )(V,_)

—5(23237231222195621 031(v) —

5 5

5 <Z32yZ312221x62(1)632(v))

Where \Y E D14 @Dl @DO
Z(3)yZ(6)xZ( )x(v)l—>

1
yZ x221x(v)l—> T

< (232}’23122219‘632 ;where v € Dy, oD; 9D

;wherev €

r (Z32yZ312221x621 032(y
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) %<Z32yZ312221x62(i)631(v)) . wherev e
D1s@DoeDo

3). ,(5). ,(3 8 6
. Zgz)yZéz)ngl)x(v)H ry (Z32yZ3lzZ21x6§1)632(\,)) -
g(ZgzyZ312221x62(i)631(v)) ;where v €
D1seDooDo

3). (4)_,(4
. Zgz)ngl)zZél)x(v)H

5 5

_5(232}’23122213562(1)031 W) —
5
5 (Z32yZ312221x63262((1’) ()

-wherev € DIS@D0®DO
e Z32YZ32yZ3,y(vy— 0 ;where v € D;9DgoDy

2 2 1
. Z?Ez)yZ3lzZ§1)X(‘l7)|—) o (Z3p ¥Z312231X033071(y))) +
1
g(Z32yZ312221x631(v)) ; where v € Dy oDs oD

2 3 1
. Z§2)3’23IZZ§1)X(”)) > = (Z32YZ312221X021031 () +

%(Z32yZ312221x62(?632(v)>

;where v € D13 9D, 0D

. Z?E?J’ZMZZS)X(U)'_’ % (Z323’2312221X62(i)032(v))

;where v € Dy, 9D3 0D,

. Zg)yZmng)x(v)H

- 6_10 (Z32}’Z312221X62(i)632 )

) 1—12(Z32yZ3lzZZIx62(i)63z(v))

;where V€ D3 9D, oD,

. Z?E?J’ZMZZS)X(U)'_’ % (232}’23122213562(‘;)031@))
;where v € D, &D; &D,

. Zg)yZﬂng?x(v)H % (2323’23122213562(?631@))

2
T3 (2323’23122213562(?632 (17)>

;where v € Dys 9D oD,

Again we can exhibit that 65, which is realized above

implement 4 , and we adopt one of them as an example:

. (533A2+62 53332) (ZS)%Zﬁ)szlx(v)> ; where
vE€ D130D20Dq
-6, (Zz(i)xzmxag) v) + Zz(i)xzmxag)an(v) +
zz(?x221xa32 E),ﬁ) (v) +
22,1208 ) - 6233 42 x ()

+ Zég)’%zz(i)xau(v))

Journal of University of Anbar for Pure Science (JUAPS)

323

Open Access

S ZayZsy x5 057 (v) +
%232%22(?9562(?63(?(”) + Z32%Z3lzaz(?a32(v) -
%,232@,!22(?9652(?5;? () -
%Zsz’%zz(?xaz(i)aszam(v) -
%232@/’231562(?632(”) -

§Z32/y)231z62(‘;) 031(v)

-1
S ZayZsy x5 07 () -
2
4_5232%22(?7562(?63(? () -
1
§Z32’%Zslz 6251) 03, (v) —
7
%Z32y22(?x 623’1) 032031 (V) —
2
§Z32’%Zslz 6241) 031 (v)
And
-1 3)
(5A3A2+625A332) (52329231522190 051 031(v) —

1
5232%231522175 (3%41) 632(V))

18
1
~ I8 Z32y)22(§)x 032 6531) 031 (V) +
1
62 (5232%232% 5521) 0531) 631(V)) -

1
s Z3242313 021 6531) 031 (v) +

1
= 0, <_221x221x agzz) 6%3,‘1) 631(V))

1
0, (E Zy1xZ91% agzz) 6;41) 632(V)>

1
T as Zaz’%zz(?x 032 0241) d32(v) +
1
62 (£ 222922907 0 02, ) -
1
T Z3,9231% 021 6541) 932(v)

I—; Zsz’%zz(i)x 6531) 032 031 (V) —
e ZayZiy 205 057 (V) —

% 23292313 05‘? d31(v) —

% Z32fy,Zz(i)x 6241) agzz) () -

4_15 Zsz’szz(?x 6531) 032 031 (V) —
4—55 232492313 agi) 032(v)
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- §Z32’%Zz(?x 6521) ag21) ) -
%Zsz’éﬁzz(i)x 6241) agzz) () -
%232’9’231Z 5251) 032 (V) —
%232%22(?95 6531) 032 031(v) —

2
§Z32’y’z31z ‘3241) 031(v)

so from all , we have done above we have complex

a [3] a
0 £, —f, ———f, ——— £,

Where 0, is the operation of indicated polarization

operators, d, acquaint as pursue

00,(2Z,1x(v)) =0,1(v) ;Whereve Dg®D,QD;

00,( 25,y (V) =03,(v) ;wherev € D;QDg&®D,

1
* 9 (Zsay 257 X(v))= 5 221X 021035(V)+ Z21x 03, (V) -

Z32y 057 0)
where v € DoFQD,FRD,

1
02(Z32YZ312 (V) = 5732y 033 021 (V) +Z21X 055 (v) -
L3y ag?(V) ;

where v € DgFQD,FQRD, F

And the map d5 acquaint as

o 05(Z3zY Z317Z51x(v)=

Z32yZ§?x 032 (V)+ Z32¥7312021 (V) ;

where VE DgF QD5 FQD, F

Proposition 3.4 :

The complex
a a a
0 £, — £, — £, —— £,
—> K@753)
Is exact.
Proof:

See (4) ,(5) and (8) .
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(7,5,3)4 2l Adla (8 g huall jaaal) Jlady Jal g Gallal al) Jladl) Jsa

@ i B pin ¢ Do) ) Gl
Gl ealarg ¢ I sV &SI Slar A 5l Aalall &yl i il 3 ) 55 ()
Glal) edlai dy puaiivuall daslal) o slall S cilpualy )1 and @)
3 dils ol Jlad s AR G Sanall 13 il 13 b (s deall Saadll dIat) K7 5 3y Sl dlay (ke KC (7 5 3y oAl Snadll Jlas
&J—““’J/J-"“"‘J/ ‘UIAJ JA-//_):%'MJ/ SEEN éﬁ‘j{‘(7,5,3)

W = Z3; € aogodie sl e M LT 40 G sl a2 Dy 5 s RS |l QNN &l R i cJaall 120 A
O SIS Spla) ol Ll 0 5 2 0w gl e X S W(V) = 25, (V) = 95 (V)W V € Do, @ Do, 5 A
Olie Jlad pualic 1) 2 | a4 el Judladl s Judldl oda 8 JS5 JSI Jalal) (38a5 (5 jiall Speall ualial 45 5all Judlall 5 Judd)

(g inall Saad) cld Jyl g elie JIat jealie ) el Saeall cld il
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