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ABSTRACT
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valued fuzzy SA-ideals on SA-algebras with their properties are familiarized. Several

theorems are stated and proved with their examples. After that we introduced new notion
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o

which is negative anti-fuzzy SA-subalgebra(SA-ideal) of SA-algebra
inverse image of bipolar valued fuzzy SA-subalgebras and bipolar valued fuzzy SA-ideals
are defined and how the homomorphic images and inverse images of bipolar valued become
bipolar valued fuzzy on SA-algebras is studied as well.

. The image and

Introduction:
Areej Tawfeeq Hameed and et al ([2]) presented a

different algebraic building, named SA-algebra, they
have calculated a few belongings of these algebras, the
conception of SA-ideals on SA-algebras was conveyed
and some of its properties are scrutinized. The
conception of a fuzzy set, was familiarized by L.A.
Zadeh [10]. In [9], S.M. Mostafa and A.T. Hameed made
an extension of the conception of fuzzy set by an
interval-valued fuzzy set (i.e., a fuzzy set with an
interval-valued membership function).

This interval- valued fuzzy KUS-ideals on KUS-
algebras is referred to as an i-v fuzzy KUS-ideals on
KUS-algebras. they created a way of estimated inference
using his i-v fuzzy KUS-ideals on KUS-algebras. In this
paper, using the conception of bipolar valued fuzzy
subset, we familiarize the conception of a bipolar valued
fuzzy SA-ideals (briefly, BVFSAI) of a SA-algebra, and
reading some of their properties.
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Using a bipolar valued level set of a bipolar valued
fuzzy set, we public a characterization of a bipolar
valued fuzzy SA-ideals. We evidence that every SA-
ideals of a SA-algebra IE can be appreciated as a bipolar
valued level SA-ideals of a bipolar valued fuzzy SA
ideals of . In connection with the idea of
homomorphism, we educat.

how the images and inverse images of bipolar
valued fuzzy SA-ideals develop bipolar valued fuzzy

SA-ideals.

2. PRELIMINARIES

Now, we offer some definitions and preliminary
results wanted in the later sections.

Definition (2.1)[2]. Let (¥ ; +,—,0) be an
algebra with two binary operations (+) and (=) and
constant (0). k€ is named an SA-algebra if it fulfills the
next identities: forany 4,&,¢ € €,

(SA;) u—u =0,

(S4,) ¥—0 =y,

(S43) =8 —¢=u—(¢+%),

(SA)) 1+ -+ =& —g.


http://academic.research.microsoft.com/Keyword/20792/interval-valued-fuzzy-set
http://academic.research.microsoft.com/Keyword/20792/interval-valued-fuzzy-set
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In € we can describe a binary relation ( <) by :
y< €&
ifandonlyifu+¢é=0 andu—¢=0,
4,& €. And we will symbolize it by /£
Example (2.2)[2]. Lette={0,1, 2, 3}bea
set with the following tables:

+Jofl1]2]3 _lol1]2]3
ofof1]2]3 ojlof[3]2]1
1]1]2]3]o 11032
2[2[3]o0]1 22103
3|3]of1]2 3[3[2]1]o0
Then(I€ ; +,—,0) is &

Lemma (2.3)[2]. In /E .Forany 4, ¢ € I,
(L )u+&=u—(=%).

(L, )a—¢=u+(=5),
(L)a—-¢=-¢+u

Proposition (2.4)[2]. In & .The next holds: for any
4, &, ¢ e I,

(a)—=8 —¢=—-¢ =,
(@) 0—(u—8§ = -,
(az)u—=§<¢implyu—¢=<¢,
(ap)u<&imply¢+¢&<¢+u,
(as)(@——-(¢—§<u—¢and(u—-¢§) - (u—¢) <
¢=5,
(ag)u< & and & <¢implyu <g.
Definition (2.5)[2]. In A&, let S be a nonempty set of
IE. S is named a SA-subalgebraof € if u+ ¢ € S5,u—
¢ € S, whenever 4, ¢ € S.And we will symboliz it by
SAS- £
Definition (2.6)[2]. A nonempty subset | of a & is
named a SA-ideal of I€ if it fulfills: for 4, &, ¢ €I€,

(1) o0€l,

(2) u+g)€eland ((§—c¢)€limply (u+

&) € 1. And we will symboliz it by SAI- &
Proposition (2.7)[2]. Every SA- /& of A is a SAS- /E
of I€ and the converse is not true .
Lemma (2.8)[2]. An SAI of & has the following
property:

1- Ifforanyu € I, forall § €1, 4w <¢ implies u € 1.
2- Ifforanyu el implies —u € 1.

Definition (2.9)[10]. Suppose IE be a nonempty set, a
fuzzy subset p of IE isa functionp: i€ - [0,1].
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Definition (2.10)[2]. Suppose I€ be a nonempty set and
p be afuzzy subset of I€, for t e [0,1], the set

pe = {4 € €|p(4) >t} isnamed a level subset of p .
Definition (2.11)[2]. IN &, a fuzzy subset p of I€ is
called a fuzzy SA-subalgebra of k€ if for all

4, ¢ eI, p(a+$) = min{p(w),p(§)} and

p(1— &) = min{ p(9), p(¢)}.And we will symbliz it
by FSAS- A
Theorem (2.12)[2]. Suppose p be a fuzzy subset of A&,
then
1- If p isa FSAS- £ of I€ , then forany t €[0,1], p; is
a SAS- £ of I€, when p, # @ .
2- Ifforallt €[0,1], p; isa SAS- £ of IC, then pisa
FSAS- / of I€.
Definition (2.13)[4]. In /& , a fuzzy subset p of I€ is
called a fuzzy SA-ideal of I€ if
forally, &, ¢ €l€, p(0) = p(u) and p(u+ &) =
min{p(4 +¢),p(§ — )}
And we will symbliz it by FSAI- A&
Theorem (2.14)[4]. suppose p be a fuzzy subset of A,
then
1- If p isa FSAS- £ of I€ , then forany t €[0,1], p; is
a SAS- /E of I€, when p, #+ @ .
2- Ifforallt €[0,1], p; is a SAS- £ of IC, then pisa
FSAS- /E of I€.
Theorem (2.15)[4]. Suppose p be a fuzzy subset of
/E. p is a FSAI- £ of I€ if and only if,
for every t € [0,1], p; is a SAI- & of I€, when p; # @.
Proposition (2.16)[4]. FSAI- /E of A is a FSAS- A of
I€ and the converse is not true.
Definition (2.17)[2]. Suppose(I€; +, —,0)and
(Q;+,—,0") be SA-algebras, the mapping
A: (I; +,—,0) » (Q; +,—,0) is named a
homomorphism if it fulfills:

A(u +¢) = A(D)+AE) , ACw — &) = A(w)—"A),
forall 4, & € I€.
Definition (2.18)[7,8]. Suppose «U: (I€; +,—,0) =
(Q;+,—,0) be a mapping nonempty sets €
and Q respectively. If p is a fuzzy subset of I, then the
fuzzy subset B of Q defined by:
sup{p(0):4 € AL} if AH(E)
=Mel,AM) =&+ 0

0 otl lerwise
is known as the image of p under 2.

A(p)(§) =
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Similarly if g is a fuzzy subset of Q, then the fuzzy

subset p = (f°U) of k€

(1.e the fuzzy subset defined by p (1) = B (U (w))
foralluw € I€) is named the pre-image of  under 2.
Theorem (2.19)[2]. 1- An onto homomorphic pre-
image of a FSAS- /E is also a FSAS- A.
2- An onto homomorphic pre-image of a FSAI- A& is
also a FSAI- £.
Definition (2.20)[7,8]. A fuzzy subset p of a set I€ has
sup property if for any subset T of I,
there exist t, €T such that p(ty) = sup {p(t)|teT}.
Theorem (2.21)[1]. Let U: (¥; +,—,0) =
(Q; +,—,0") be a homomorphism between SA-algebras
1€ and Q respectively.
1- For every FSAS- /& , p of I€ and with sup property,
A (p) is a FSAS- £ of Q.
2- For every FSAI- /E, p of I€ and with sup property,
A (p) is a FSAI- £ of Q.
Definition (2.22)[9]. Assume (I€; +,—,0) be A&, a
fuzzy subset p of € is named an anti-fuzzy
SA-subalgebra of I€ if for all 4, ¢ € €,

AFSAS)) p(1 +¢&) < max {p (4),p (§)},
AFSAS;) p (1 —¢&) < max {u (4),p (£)}. And we

will symbliz it by AFSAS- A&

Proposition (2.23)[9]. Suppose p be an AFSAS- A of

/.

1- If p is an AFSAS- A of I€ , then it satisfies for any

te[0, 1], L(p,t) # @

implies L(p, t) is a FSAS- & of I€ .

2-1f L(p, t) is a FSAS- £ of I€, for all te[0, 1],

L(p,t) #0 ,

then p is an AFSAS- A of I€ .

Definition (2.24)[9]. Let (I€; +,—,0) be &, p is

named an anti-fuzzy SA-ideal of 1€

if it fulfills the following conditions, for all 4, &, ¢ € 1€,
(AFSAL)  p (0) < p (%),
(AFSAL) p(u+$) < max{p(1+¢),p(§ — )}
And we will symbliz it by AFSAI- A&

Proposition (2.25)[9]. Let p be an anti-fuzzy subset

of /.

1- If p is an AFSAI- E of I€ , then it fulfills for any

te[0,1], L(p,t) # O

implies L(p, t) is a FSAI- /E of I€.
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2- If L(p,t) isa FSAI- £ of I€, for all te[0, 1],

L(p,t) +0 ,

then p isan AFSAS- /E of I€ .

Definition (2.26)[9]. Assume 2: (I€; +, —,0) =

(Q;+,-,0) be amapping nonempty SA-algebras I€

and Q respectively. If p is anti-fuzzy subset of €, then

the anti-fuzzy subset 5 of Q defined by:

inf{p(a):4 € A} if AH(E)
=Mel,AM) =&+ 0

1 otllerwise

is known as the image of p under 2.

Similarly if B is anti-fuzzy subset of Q , then the
fuzzy subset p = (B°A) of €
(i.e the anti-fuzzy subset defined by p (4) =
B (A (1)),
forall w € I€) is named the pre-image of S under 2.
Theorem (2.27)[9]. 1- An onto homomorphic pre-image
of AFSAS- A& is also AFSAS- /.
2- An onto homomorphic pre-image of an AFSAI- / is
also AFSAI- .
Definition (2.28)[9]. A fuzzy subset p of a set I€ has
inf property if for any subset T of I€,
there exist t, €T such that p(ty) = inf {p(t)|teT}.
Theorem (2.29)[9]. Let U: (I€; +,—,0) -
(Q; +,—,0") be a homomorphism between SA-algebras
1€ and Q separately.
1- For every AFSAS- /, p of I€ and with inf property,
A (p) is AFSAS- £ of Q.
2- For every AFSAI- A&, p of I€ and with inf property,
A (p) is AFSAI- £ of Q.
Remark (2.30)[3]. An interval numberis§ = [y, p*],
where 0<p~<p*<1.
Let | be a closed unit interval, (i.e., I =[O0, 1]). Let
D[O, 1] denote the family of all closed subintervals of
=10, 1], that is,

D[0,1] ={9=[v7,p"]|p <p*, fory~,p*el}.

Now, we describe what is known as cultured
minimum (briefly, rmin) of two element in D[0,1].
Definition (2.31)[3]. We also define the symbols (>),
(<), () ,"rmin " and "rmax "
in situation of two elements in D[0, 1] .
Consider two interval numbers (elements numbers)
5 =[p,p*] ,®=[w ", w*]inD[0, 1] : Then
(1) 9= ® ifandonlyif, p™>w~ and p*>w™,
(2 < ® ifandonlyif, p"<w~ and p*<w™,

A(p)(§) =
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(3) 9= ifandonlyif, p"=w~ and p*=w*,
(4) rmin {5, ®}=[min {yp~, w } min {p*, w*}],
(5) rmax {9, ®}=[max{y~, w™} max {p*, w*}],
Remark (2.32)[3]. It is obvious that (D[0, 1], <,V ,A)
is a complete lattice with

0 =0, 0] as its least element and 1 = [1, 1] as its
greatest element.

Let §;€DI[0, 1] where i €EA. We define

1 infiead= [r infiead™ , T infiead™], T supiead=

[r supiean™ , 7 supiean™] .

Definition (2.33)[7,8]. An interval-valued fuzzy
subset p,on /E is defined as

pa ={<w[pz (1), pf (4) 1> w €rE}.
Where p; (1) <pj (1), for all u € I€. Then the fuzzy
subsets p;: € — [-1, 0] and
p4: 1 —[0,1] arenamed a lower fuzzy subset and
an upper fuzzy subset of 5, separately .
Let a (4) =[pa (4). P4 (9)1, pait€ — DO, 1],

then A={<w, p, (q) >|u€el}.
Remark (2.34)[1]. Let I be the universe of discourse.
A bipolar fuzzy subset p of ¢
is an object ensuring the form
® = { (4, p§ (%), py ()[4 € 1€},
where u: € — [~1, 0] and p% : I€ — [0, 1] are
mappings.

The positive membership degree p4 () denoted the
satisfaction degree

of an element k€ to the property corresponding to a
bipolar-valued fuzzy

® = { (4, p (%), p5 (1)) |4 € €}, and the negative
membership degree

pX (1) means the satisfaction degree of I€ to some
implicit counter-property of

= { (4, pX (4), p& (J{))|"I € I€}. For the sake of
plainness, we shall use the symbol

& = (I€: p¥, pk), for the bipolar fuzzy set

® = { (4, p} (%), p& (1)) |4 € 1€}, and use the conception
of bipolar fuzzy sets instead of the conception of bipolar-
valued fuzzy sets.
Definition (2.35)[5]. A bipolar fuzzy subset & =
(1e: p¥, p&) of /& is named a
bipolar fuzzy SA-subalgebra of I€ if it fulfills the next
properties: for any v, ¢ € I€,

1L pB+&) < max{pf),py()},
2. p§ =8 < max{p§ (), p3 (O}
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3. ph+d = min{ph (), ph (H)}and
4. ph (=8 = min{ph (£, ph (©)}. And we
will symbliz it by BFSAS- /E
Definition (2.36)[5]. A bipolar fuzzy subset
& = (I€: pX, pk&) of A& is named
a bipolar fuzzy SA-ideal of K€ if it fulfills the
following: forany 4, &, ¢ € I€,
1 pY(0)< p¥ (w),
2. ph (0)= ph (w),
3. p(a+$§) < max {pf(a+¢),pH( —¢)}and
ph(a+8) = min{pg&(a+¢),ps(E —¢)} And
we will symbliz it by BFSAI- .
Definition (2.37)[7,8]. Assume : (I€; +,—,0) —
(Q; +',—',0" be a mapping from set €
into a set Q. let B be a bipolar valued fuzzy subset of Q.
Then the inverse image of B,
denoted by A~1(B), is a bipolar valued fuzzy subset of
1€, with the membership function given by
Pu-1(p) (1) = Pp(UA(W)), forall v e k€.
Proposition (2.38)[6]. Assume : (I€; +, —,0) -
(Q; +',—',0" be a mapping
from set I€ into set Q, let gy = [(Fy)Y, (y)7]
and iy = [(fiy)", (fiy)"] be bipolar valued fuzzy
subsets
of sets I€ and Q separately. Then
(D) Ay = [A (@O, U (DD,
(2) Apy) = [ABY™), AW(BY")] -
3. BIPOLAR VALUED FUZZY SA-
SUBALGEBRAS OF SA-ALGEBRA
In the part, the conception of the bipolar valued
fuzzy SA-subalgebras of SA-algebra is presented.
Some theorems and properties are itemized and
ascertained.
Definition (3.1): A interval valued fuzzy subset Y = {<
4, Py (1) >[u €I} =
{<u, [py (@), py (4) ]>| 9 € I} of A& is called
a bipolar valued fuzzy SA-subalgebra denoted by
(BVFSAS- £ ) of 1€
YO = {<u, (BN (), (By)® (4) >| x € I}
= {<u4, (o)) (), (py) (1) >[HEIE },
YWV = < (o, (py)? >, ifforall w,écl€.
1- (ppN (1 + ) < max{ (" (1), (By)" ()},
2- (P (a+ &) = min{ (By)* (9), (By)* ()}

=
=
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3- (BN (1= &) < max{ (py)" (W), (By)" (§)} and

4- (PP (1 — &) = min{ (By)” (), (By)F (©)}.

ie.,

1- (o) (14 &) < rmax{ (p{H(), (PP},

2- (Py) (1 +¢) = rmin{ (P ) (), (Py)(f)}

3- (Py) (1 —§) <rmax{ (P{(V)("I); (P{}')(f)} and

4- (07) (= &) > rmin{ (o) (), (G}

ie.,

1- (o))" (@ + &) < max{ (py)" (%), (py)" (§)} and
(py)? (@ + &) =min{ (py) (@), (py)F ()}

2- (PPN (1 +8) < max{(pP)N (), (py)" ()} and
(py)P Ca+ &) = min{ (p§)P (D), ()7 (©)}.

3- (py)" (1= &) < max{ (py)" (1), (py)" (§)} and
(py)P (1= &) =min{ (py)" (), (py)P ()}

4- (p)N (= &) <max{(pPHV (), (pPV(§)} and
(PP (1 —=&) = min{ (p)" (), (o) ()}

Remark (3.2): A bipolar valued fuzzy subset Y(V-P) =

< (", (" >

of A, for all ueI€, thus,

Since (py)N (1) = (py)~ (), (py)° (2) = (p{)~ (w),

PPN () = (py)* (@) and  (py)" (@) = (p§)* (@),

then  (By)" (@) = [(py)" (1), (py)V (0)] =

[(0§)~ (), (o) ()] = (Py )(«) and

BP0 = [(py)P (@), (o) (D] =

[(e§)~ @), (p)* (D] = (Py)("’)

Example (3.3): Let k€ = {0, a, b, c} in which the

operations (4, —) be define by the following tables:

+[(0]a|b|c — | 0|a|b|c
0[{0|a|bi|c 0| 0|c|bj|a
ala|bj|jc|O alal|l0]|c|b
b{b|lc|0]a b|(b|a|0]c
c|c|O0O]a]|b c|c|bjalo

Then (I€; +,—,0) is an SA-algebra. YV'P) = <
@YY, (py)* >

of I€ where 1 ={0,b} is a SAS- A& of I€,such that:
The fuzzy subsets p*: 1€— [0,1] and p~: E€— [-1,0]

by:

NP) (e = [[—0.6,—0.3],[0.3,0.9]]
RENL) {[[—0.7,—0.4], [0.2,0.6]]
,YVP) (y) is BVFSAS- /E of IE.

ifu={0,b}

otherwise
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Proposition (3.4): If YV =< (p)V, (By) > isa
BVFSAS- £, then (5y)" (0)<(py)" (w) and

(By)F(0) = (By)P (), forall u e IE .

Proof: Forall x,¢ € I€ and » = &, we have

(P )(0) = (P{}')(‘* + &) < rmax{ (p{}')('*l) (P )(©)}
and

(P )(0) = (P )+ &) > rmin{ (Py)(‘*{) (Py)(f)}
then (5y)" (0) = [(py)" (0), (p5)V (0]

= [(p§)~(0), (p)* (0]

< max{[(py)" (2, (oY (D], [y (), (o) (D]}
= [(py)" (), (PPN ()] = (By)™ (w) and
B 0) = [(py)7(0), (p)P (0]

= [(p{)~(0), (p)* (0]

> min{[(py)” (), (p§)" (D], [(oy)7 (@), (o) 7 (D]}

= [(py)? (), (p)P ()] = (By)" (0)

(BN (0) < ()" (w) and (y)” (0) = (By)” (w), for all
¥y el .n

Proposition (3.5): Let YMP) =< (5", (5y)" > be
a BVFSAS- /£,

if there exist a sequence ({4,}) of I€ such that

!lliilo(ﬁy)lv(‘dn) = [0'0]1

and lim (Py)* (4,) = [1,1], then (By)" (0) = [0,0] and
n-o

(Py)"(0) = [1,1].

Proof:

By Proposition (3.4), we have (gy)"(0) < (5y)" (%),

and

(By)F(0) = (Py)P (u), forall u € I, then (5y)"V (0) <

Py (4,) and

(By)* (0) = (Py)* (4y,), for every positive integer n.

Consider the inequality [0,0] < (By)" (0) <

Tllij'go(ﬁy)lv(‘*ln) = [0,0]

and [1,1] = ()" (0) = Lim (5y)” (4n) = [L1].

Hence (5y)"(0) = [0,0] and (5y)”(0) = [1,1]. 0

Theorem (3.6): A bipolar valued fuzzy subset Y(V-P) =

< (p", (By)? >of

is a BVFSAS- /& of € if and only if, (o3)" and (py)"

are AFSAS- £ of I€

and (py)” and (py )" are FSAS- /£ of I€.
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Proof:

Suppose that YVP) s a BVFSAS- /E of I€, then
forall w4,¢ e I, we have

(CZONCEEIACHNCERIEICHUCE XS
< rmax{ (By)" (1), B" (§)} =
rmax{ [(py)" (), (0N (D1, [(p3)"V ), (oD (D]}

[max{ (oy)" (1), (o)™ (D)}, max{ (py )V (), (o))" ()}]
[max{ (oy)" (9), (py)" ()}, max{ (o )" (W), (0™ ()]
.Therefore ,
(oy IV (1 + &) < max{ (py)" (), (py)" ()}
and (py)" (1 + &) < max{ (o))" (1), (PP ()} -
Also,
[(oy)P (1 +8), (pg)F (1 + )] = (By) (4 + &)
= rmin{ (py)” (4), (By)” (D)}
= rmin{ [(py)" (), (py)" (D], [(p3)" (), ()" (O]}
= [min{ (py)" (W), (p§)" (W)},
min{ (py)"(§), (0¥ ()} =
[min{ (py)” (9), (py)” ()}, min{ (p§)F (W), (p§)" (§)3]
Therefore,
(py)" (u + &) = min{ (py)” (4), (py)" ()}
and (py)" (4 + &) = min{ (p§)" (9), (py)" ()} -
Hence, we get that (py)" and (py)" are AFSAS- A of
I€and (py)” and (py)” are AFSAS- £ of I€.
Conversely, if (py)" and (py)" are AFSAS- £ of I€
and (py)” and (py)” are FSAS- £ of I€,
forall 4, £ € IE. Observe :
@YY+ =[PV + &), ()" (a+ )] <
[max{ (py)" (9), (py)" ()}, min{ (o)™ (1), ()" ($)}]
= rmax{ [(py)" (2), ()" (W],
[N (), ()N (O
= rmax{ (py)" (1), (By)" (§)}. and
@YY =8 =[PV (1= &), (e (=] <
[max{ (py)" (@), (oY )}, min{ (p)V (@), (py)V (©)}]
rmax{ [(py)" (@), ()" D1 [(py)" ), (0N ()]}
= rmax{ (By)" (1), (By)" (O} Also,

BT+ = [p) 1+, ()" (1 + O] 2

[min{ (py)" (D), (py)" (O} min{ (py)” (0, (py)" ()}
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=r
min{|(p7)” @), (03)" @] [(07)" . (03)" @]}
= rmin{ (By)" (%), (By)" (§)}- And
@F—=8) = [(py) (1= &), (py)° (u = )]
> [min{ (py)" (W), (py)" ()}, min{ (p})” (1), (0y)” (H)}]
= rmin{ [(py)" (1), (05)" (D], [(03)7 (), (09)7 (O]}
= rmin{ (5y)" (4), (By)" ()}-
Thus, we can conclude that YVP) is a BVFSAS- /E of
.0
Definition (3.7): In £. A bipolar valued fuzzy subset
YR =< (BN, (By)P > of I,
forall £ = [t;, t,]€ D[O, 1], the set U (YVP); ) isa
level set of IE such that
U (YNPLT) = {uc € |py(x) > T} =
{uel|[(p"4, (PP @] = [t1, 2]}
= fuc K |(PV ) <t;, BP0 = t,} .

Proposition (3.8): Assume (I€ ; +,—,0) be Z&. A bipolar
valued fuzzy subset
YNVP) = < (o, (By)? >of . If YV isa
BVFSAS- /E of I€,
then forany ¢ = [¢t,, t,]€ D[O, 1], the set
U(YNP;t)isa £ of IE.
Proof.

Assume that YVP) is a BVFSAS- £ of I€ and let
t = [t1, t;]€ D[O, 1]
such that T ( YVP); £)#@, and suppose 4, & € I such
that
a,§ € T (YNP;T), then (By)"V (w) < ty, PN () <

tq (ﬁy)P(“) 2t

and (y)F (&) = ¢, . Since YVP) is a BVFSAS- A of

IE, we get

1- (A" (1 +8) < max{ (By)" (@), BV (O} < ty,

2- (Py)” (a1 + &) =min{ (By)" (1), By)" ()} = ta,

3- (A" (=8 <max{ (G (D), ("} <ty

4- (py)" (1= &) = min{ (By)" (@), (By)" ()} = ta.
Therefor,u + &, u—& € U (YNP; 1)

Hence the set U (YWVP); ) isa /E of I€. o

Proposition (3.9): In . A bipolar valued fuzzy subset

YR =< (BN, (By)? >of FE.
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If forallf = [t;, t,]€ D[O, 1], the set T (YN'P); F)
is SAS- /E of I€, then YVP) is BVFSAS- & of I€.
Proof.
Suppose that T (Y™P); ) is a SAS- £ of I€ and
4 ,& € IE be such that

- (PN (1 + &) > max{ (By)" (W), (By)" ()},
Consider a = 1/2 {(py)" (u+¢&) +
max{(By)" (@), (Gy)" ()} }
and B = 1/2 {(p" (1—¢§) +
max{(By)" (@), Gy)" ()} }

We have a, B € [0,1], (By)" (4 + &) >a>
max {(3y)" (4).(y)" (€) }

and (y)" (1 — &) >a>max {(py)" (1),(By)" (€)}-

It follows thate,é € U (YN, £) and (u + &) ¢
U (Y™P): £, This is a contradiction.
Hence, @YY (1 +¢) < max{ (py)" (), (By)" ()} <
t;. Summarily,
2- (py)’ (u+&) =min{ (By)" (), By)" ()} = ta,
3- (B (=& < max{ (B (D), PV (O} <t
and
4- (By)F (1= &) = min{ (By)" (), (By)* ()} = t,.
Therefore YVP) isa BVFSAS- /E of IE. o
Theorem (3.10): Any SAS- /E of A can be realized as
the upper [ty,t,]-Level
of some BVFSAS- £ of I€.
Proof.

Suppose | be a SAS- /E of I€ and YVP) = <
BN, (By)? > be
bipolar valued fuzzy subset on € defined by
~ aq, a5, ifuel
py(q)z{[[ol,O],Z] otherwise
Forall [a4,a;,] € D[0,1],
we deliberate the following cases
Casel) Ifu,& €1, then

@YY @) < ag, BN () < ay, By’ (W) =
a, and (py)* (&) = a, , thus

- (Y (a+8) < max{ (py)" (W),

POV} < ay
2- (py)" (a+¢&) =min{ (By)" (), (By)" ()} = ay,
3- (PN (1= &) < max{ (BN (D), G )} < oy
and
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4- (Py)P (1= &) = min{ (By)P (), (F ()} = ay.
Case 2) Ifu €1 and & & Lthen
BV (D) <oy, BV () <0, (B’ (1) =
a, and (py)* (&) = 0, thus
- (@Y (48 < max{ Gy @), G @) <y,
2- (By)P (a+§) =min{ (By)°(4), (Gy)P()} = 0,
3By (1— &) < max{ ()" (@), " () < oy
and
4 By’ (1= &) = min{ (Fy) (), ()" ()} = 0.
Case 3) If u ¢ I and ye Lthen (y)" (4) <0,
BV (§) < ay,
(By)” (@) = 0. and (By)* (§) = a, , thus

- @Y (1+8) <max{(By)" (W), BN ()}
<a,
2- (Py)” (a+¢&) =min{ (By)" (W), By)" ()} =0,
3- (Y (1= 8) < max{ (By)" (W), PN ()} < ay
and
4 (By)? (1= &) = min{ (By)* (), (B (©)} 2 0.
Case4) Ifu¢l¢¢landythen (py)N () <0,
By)" () < 0and
(Py)? (1) = 0 and (py)* (&) = 0, thus

- " (a+8) <max{(py" (),

PN (O} =0,

2. By)? (@ +y) =min{ (By)" (),

(BT} 2 0,
3- (" (1= &) <max{ (By)" (W), (py)" (§)} < 0and
4- (Py)P (1= &) = min{ (By)" (), (AP ()} = 0.
Therefore, YVP) is a BVFSAS- /E of .o
Corollary (3.11): In &, Q be a subset of I€ and let

YWP) =< (py)N, (By)” > be an bipolar valued fuzzy

subset on € defined by :
~ aq, i 4 EQ
Py() = {{0,10] g o]; erwise
Where oy oz € (0, I]witha; < a, . If Y¥P) isa
BVFSAS- /E of I€,
then Q is a SA-subalgebra of I€.
Proof:
Since that YV'P) is a BVFSAS- & of I€. Let u, € € Q,
then by Definition(3.1)
- (" @+ <max{ BV (), GV (O} < aq,
2- (Py)" (1 + &) =min{ (By)" (1), By)" ()} = ay,
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3- ()" (1= ) < max{ (BN (@), GV (O} < @
and
4 (By)” (a— &) = min{ (5y)" (2, (A" ()} = az.
Thisimpliesthatu + &, u — & € Q. Hence Q is a SAS-
[ of I€. 0
Proposition (3.12): Assume2l: (f€; +,—,0) —
(Q;+',—',0" be homomorphism of SA-algebras. If B
isa BVFSAS- £ of Q,
then the inverse image A~1(B) of B is a BVFSAS- / of
€.
Proof:

Since BW:P)
/E of Q,
it follows from Theorem (3.6), that (pz)" and (p#)V
are AFSAS- £ of Qand (pz)F and (pf)” are FSAS-
/E of Q.
Using Theorem (2.19) and Theorem (2.27), we discern
A1((p5)V) and A~1((pi)N) are AFSAS- £ of I€
and A1 ((pz)P) and A~ ((p)P) are FSAS- £ of I€.

Hence A~ (B) = [A~((Bs)"), A1 ((Br)")] isa
BVFSAS- /E of €. o

=< (Bp)", (Bp)P > is a BVFSAS-

Definition (3.13): Assume 2: (I€; +,—,0) —

(Q; +',—',0")be a mapping from a set I€

intoaset Q. YV =< (ppV, (By)" >
is a bipolar valued subset of I€ has sup and inf
properties if for any subset T of I€,
there exist t, s € T such that py (t) = rf;q; py(to) and

€
py(t) =rinf py(to)
tOeT
Proposition (3.14): Let U: (I€; +,—,0) -
be an epimorphism of SA-algebras.

If YVP) =< (pp)N, (By)? > isaBVFSAS- £ of I€
with inf-sup property, then2(Y) is a BVFSAS- & of Q.
Proof:

Assume that YVP) = < (p)V, (By)P >isa
BVFSAS- £ of I€.

It follows from Theorem (3.6), that (py)" and (py)"
are AFSAS- A&
of € and (py)” and (py)” are FSAS- /E of I€. of I€.

Using (2.21), Theorem (2.29), the images A((pz)")

(Q, +I, _I, OI)
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and A((pF)N) are AFSAS- £ of Qand A((pz)P)
and

A((pp)F) are BVFSAS- £ of Q. Hence
AN = < A(EOY), U(By)T) > is a BVFSAS-
[ of Q.0

4. BIPOLAR VALUED FUZZY SA-IDEALS OF
SA-ALGEBRA

In the part, the conception of the bipolar valued fuzzy
SA-ideals of SA-algebra is introduced. Some theorems
and properties are detailed and evidenced.
Definition (4.1): A interval valued fuzzy subset

Y ={<4, py (v) >|u € I}

={<w, [py (1), py (4) ]>| 4 € €} of SA-algebra

(f€; +,—,0)

is named a bipolar valued fuzzy SA-ideal (BVFSAI-
/E ) of 1€ signified by

YR = {<u, (B (), (By)” (9) > u € 1€}

={<u, (py )("i) (0§ )(‘*I) >luele}, ywr

=< (PN, (By)" >, if forall u, &, ¢ eI€.

-V (0) < YD),  (By" (0) = (By)" ).
2- (PN (1 + &) < max{ (By)" (1 + ), By —¢)
and

3- (A" (@ + &) =min{ (By)" (a1 +¢), (B’ — O}
i.e.,

1- (o) (0 < (p{H(w) and
2- (Py) +$) <

3- (D) (1 +9) >
le.,

1-(py)" (0) < (py)"(w) and
(py)F (w),

2- (p)V (a1 +§) < max{(py)" (41 +9),

(py)V (€ — )} and

3. (PP (1 + &) = min{ (py)" (1 +), (py)7 ¢ -

O}

D © > (p§)W),
rmax{ (pY )(a+9), (p{(v)(f 9)2

rmin{ (py)(q + ), (,Oy)(f - )}

(py)" (0) =
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Example (4.2): Let € = {0, 1, 2, 3} in which the
operations (4, —) be define by the following tables:

+|0|1(2]|3 -10]1]2]3
o(of1}2]|3 01013 |2]1
11112]3]|0 1/1]0|3]|2
2|12|13(01(1 212|103
3(3(0]1]2 3|13|12(1]0

Then (I; +,—,0) is £. Define YV = <
BN, By)" >

of € where 1 ={0,1} is a SA-ideal of I€,such that:
The fuzzy subsets p*: 1— [0,1] and p~: 1€ -

[—1,0] by:
VP (q) = {[[—0.4, -0.3],[0.3,0.7]] ifu= {9,1}
[[—0.3,-0.2],[0.2,0.5]] otherwise

Then Y*P) (4) is is a BVFSAI- £ of [E.
Theorem (4.3): A bipolar valued fuzzy subset
YR =< (3N, (py)P >
of £ is a BVFSAI- £ of I€ if and only if,
(py)" and (py)" are AFSAI- £ of I€ and  (py)”
and (py)" are FSAI- £ of I€.
Proof:

Suppose that YV'P) is a BVFSAI- £ of I€, then
for all 4 € I€,
[(B)N (0), (By)P (0)] = [(By)N (), (By)P ()], then
(" (0) < (py)¥()and  (py)” (0) =
(py)” (). Forall u € I€, we have
[N (1 + &), (PN (a + )] = (By)V (a + &)
< rmax{(3)"(a+ ), (7)€~ 9))

= rmax{ [(py)" (4 +¢), ()N (1 + O], [y (€ —
), (DN (E — N

= [max{ (pyx)" (1 +¢), ()" (1 + )},

max{ (py)" (& — ), ()" (€ — )]

= [max{ (py)" (1 +¢), (py)V (¢ — )},
max{ (py)" (1 + ¢), (p3)" (€ — )}
Therefore, (py)" (4 + ¢) < max{ (py)" (4 +
), ()" (€ — ¢)} and
(PPN (4 + &) < max{ (PPN (4 +¢), (bP)IN (E — 9} .
Also,
[(py)" (1 +8), (o) (1 + ] = (P (a+¢) >
rmin{ (5y)" (1 +¢), (By)" € = ©)}
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= rmin{ [(py)" (1 + ¢), (0)F (1 + O, [(py)F (€ —
) ()" (€ = OB

= [min{ (py)" (4 + ¢), (py)” (4 + )}, min{ (py)”
€= PN"E =N

= [min{ (py)" (4 + ), (py)" (& — )}, min{ (py)" (u +
) (y)F (€ = 9]
Therefore, (pg)P('«{ + &) = min{ (pg)P("{ +0),
(py)F (€ —¢)} and
(PY)P (1 + &) = min{ (o))" (1 + ), (0" (€ — )} -
Hence, we become that (py)" and (py)" are AFSAI-
A of€and (py)” and (py)” are FSAI- £ of I€.
Conversely, if (py)" and (py)" are AFSAI- £ of €
and (py)f and (p§)" are FSAI- £ of I€,
forall 4, &, ¢ € . Observe :
BN+ ) = [N (1 + ), ()" (u +§)]
< [max{ (py)" (1 +6), ()" (¢ — ©)},
min{ (o) (4 + ), (py )V (€ — §)}]
= rmax{ [(py)" (4 +¢), (oy)"V (a +
OLIEPONE =), (kPN E = O}
= rmax{ (By)" (1 + ), (By)" (§ — ¢)}. Also
@Y+ = [(y) (1 + ), (py)" (u +&)]
> [min{ (py)" (1 + ), (py)" (§ — )}, min{ (py)" (v
+6), (py)" (¢ — ]
= rmin{ [(py)" (1 +¢), (py)" (1 + )], [(px)" (€
=), (PP E -1
= rmin{ (By)" (4 + ¢), (By)" (€ — ¢)}.Thus, we can
settle that Y(¥P) is a BVFSAI- & of I€.0
Proposition (4.4): In £. A bipolar valued fuzzy subset
YVP) = < (g, (By)P >of . If YNV isa
BVFSAI- £
of IC, then for any t = [t;, t,]€ D[O0, 1], the set
U(YNP);E) isaSAl- £ of € .
Proof.
Assume that YVP) is a BVFSAI- Z of € and let
t = [t;, t,]€ D[O, 1] be such that T ( Y2, £)#0,
and assume 4, ¢, ¢ € I€ such that
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at¢,§—¢ €U (YWE), then (py)V(u+¢) <ty

BN —¢) <ty
B E+e)=tand () (E—2)=¢t,.
Since YVP) js a BVFSAI- £ of I€, we get
1- (" (0) < (A" (w) < tyand (By)” (0) =
(Py)" (1) = 1y, implies that :
0€T(YMP;1),
2- (PN 1+ &) <max{ (By)N (1 + ), (BN (€ -
)} <ty
3- (By)” (a+8&) =min{ (By)’ (a1 +¢), (By)" (¢ -
$)} =ty

Therefore,
U(YNP): T isa SAl- £ of IE. o
Proposition (4.5): In &. A bipolar valued fuzzy subset
YNV =< (g, (py)" >oflE. If forall =
[t1, t2]€ DIO, 1],
theset U (YNP); 1) isan SAI-ZE of I, then YNP) is
a BVFSAI- £ of I€.
roof.

Assume that T (YVP); 1) is a SAl- £ of I€ ,for
anyu € I, (Fy)" (0) < G W) <ty
and (py)" (0) = (By)" (), = t,. And assume
4,&,¢ € I€ be such that (py)" (a4 +¢) >
max{ ()" (1 + ), (B (€ = O},

Consider:
a=1/2 {(PY" (1+&) + max{(By)" (a +
), (A" (§ — )} } and
B=1/2 {(py)’ (1 +&) + min{(5y)" (1 +),
By" (§-93)

Wehave o, € [0,1], (BN (4 +¢) >a >
max {(By)" (1 +¢), (A" (€ —¢)}and
@Y+ <p<
min{(py)” (1 +¢), (By)" € —¢) }.
It follows thatu + ¢, § —¢ € U (Y £)
and (u + &) ¢ U (YNP; ). This is a contradiction.
Therefore YVP) isa BVFSAI- £ of I€. o
Theorem (4.6): Any SAI- & of & can be realized as the

upper [ty,t;]-Level of some BVFSAI- & of I€.
Proof.

Assume | be a SAI- £ of € and YVP) =

u+& eU (YN E), Hence the set
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< (", (By)" >

be bipolar valued fuzzy subset on I€ defined by

~ aq, as), ifuel

py(q):{[[OI,O],Z] otherwise

For all [ay,a,] € D[0,1], we contemplate the following
cases:

Casel) Ifu+g¢ & —c¢el then

@YY (@) < ay, BV ) < ay,
(By)P (@) = az and (By)* (§) = az,

@Y (a+¢) < ay, BV (€ —¢) < ay, and
Py)F (1 +¢) = az and (By)” (€ —¢) = a; , thus
1- (BN (0) < (PN () < a; and (By)* (0) =
(ﬁy)P(“) = ay,

2- (PN (148 <max{ (py)N (1 + ), (Fy)V (€ -
< a,
3- (py)" (4 +&) =min{ (5y)" (1 +¢), (By)" (€ —

$)} = ay.
Case 2) Ifu €1 and & & Lthen

BV () < ap, " (§) <0

(PP (@) = az and (By)* (§) = 0, thus

1- (BN (0) < (BN (9) < ay,

By (0) = (B () = ay,

BN (0) < (BN () <0and

By)F (0) = @FYT(E) =0,

2= (BN (44§ <max{ BN+ ) BN -
< aq,

3- (By)F (a+&) =min{ (By)F 4+ ), (By)F (€ -

¢)}=0.
Case 3) If u ¢ I and & € Ithen

@YY ) <0, BV () < ay
and (py)” (w) = 0 and (py)” (§) = a, , thus
(" (0) < (BY"(E) Sy,
@y’ (0) = By () = ay,
@Y (0) < (Py)"(w) < 0and
@y)" (0) = (py)’(4) =0
1-@Y (+§) <
max{ (B)" (@ +¢), (FY"E -9} <y
2-(p° (1 +) =
min{ (By)” (1 +¢), ()" (€ —¢)} = 0.
Case 4) Ifu ¢ Iand¢ € Ithen
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BN @) <0, B () <0, (By)” () =
0 and (py)" (§) =0, thus
1- (BN (0) < PV () <0,
By)* (0) = (py)P () =0,
@YY (0) < (PN (E) =0and
By (0) = By =0,
2= (PN (1 +8) <max{(@y)V(u+9),
YN E -9} =<0,
3- ()’ (a+&) =min{ (By)" (1 +9),
@Y E -9} =0.
Therefore, YVP) is a BVFSAI- £ of I€.0
Corollary (4.7): Let (I;+,—,0) beaSAS- £, Qbea
subset of 1€
and let YVP) = < (5y)V, (By)” > be an bipolar valued
fuzzy subset on €

. - a,ay] if 4EQ
defined by : py(w) = {{0,10] ! ojiherwise '

Where a; o, € (0, 1] with  a; < a,. If YVP) isa

BVFSAI- £ of IC, then Q isa SAl- & of IC.

Proof:

Since that Y(VP) is a BVFSAI- & of €. Assume u,

$i6eqQ,

then py(u— 0 =) = [ay,a;] = py(§ — 0 =), s0

we have by Theorem (4.6),

1- (BN (0) < (PPN (%) < ay, (By)” (0) =

(ﬁY)P("I) = Ay,

BN (0) < BV () < ey and (By)” (0) =

By’ () = ay,

2- (P" (a+8) <max{ (B (a+), (" (E -
C)} <ap,

3-(By)" (1 +8) =min{ (By)" (4 +¢), (By) (€ —

)} =ay,

this implies that 0,4 + ¢ € Q. Hence Q is a SAI- £ of

.0

Proposition (4.8): Every BVFSAI- £ of A is
BVFSAS- £ of £ .

Proof:

Since YVP) = < (py)V, (By)” > is BVFSAI- £ of
Z, then by Theorem (4.6) ,

U (YNP); ) is a SAl- £ of I€. By Proposition (2.7),
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U (YNP): T)is a SAS- £ of k€. Hence YVPis
BVFSAS- £ of I€ by Proposition (3.9) . 0
Remark (4.9): The convers of Proposition (4.8) is not
true as shows in the example (3.3),
it is easy to show that (I€ ; +, —, 0)is Z& .And the fuzzy
subsets p*: I€— [0,1] and p~: 1€ - [—1,0] by:
Define a bipolar valued subset YVP) = <
BN, (py)? > of € is a BVFSAS- £ of I€ as:
YOVP) () = {[[—0.6,—0.3], [0.3,09]] ifu= {9, a}
[[—0.7,—0.4],[0.2,0.6]] otherwise
It is easy to check that YV'P) is a BVFSAS- &, but not
BVFSAI- £.
Proposition (4.10): Let U: (I€; +,—,0) —
(Q;+',—',0") be homomorphism of SA-algebras.
If B is a BVFSAI- & of Q, then the inverse image
A~1(B) of B is a BVFSAI- £ of I€.
Proof:
Since BNP) = < (pp)V, (Pp)F > isa BVFSAI- £
of Q, it follows from Theorem (4.3), that (pz)" and
(p)N are AFSAI- £ of Q

and (pg)F and (p})F are FSAI- £ of Q.
Using Theorem (2.19) and Theorem (2.27),

we know A~ ((pz)") and A~1((pF)N) are AFSAI- £
of I€

and A1 ((pp)P) and A~ ((p2)P) are FSAI- & of I€.

Hence A~ (B) = [A~((Bs)"), A1 ((Br)")] isa
BVFSAI- £ of I€. o
Proposition (4.11): Assume 2: (I€; +,—,0) —
(Q; +',—',0" be an epimorphism
of SA-algebras. If YVP) =< (pp)N, (By)F > is
BVFSAI- £ of & with inf-sup property, then f(Y) is a
BVFSAI- £ of Q.
Proof:

Assume that YVP) = < (pp)V, (By)F >isa
BVFSAI- £ of I€, it follows from Theorem (4.3), that
(py)" and (py)" are AFSAI- £ of I€ and (py)” and
(py)" are FSAI- &. of I€.  Using Theorem (2.21)
andTheorem (2.29), the images A((pz)") and
A((p#)V) are AFSAI- £ of Qand A((pz)F) and
A((pF)F) are FSAI- & of Q. Hence A(YNP) = <
AP, A((py)*) > is a BVFSAI- £ of Q.o
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