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ABSTRACT

The objective of my research is to establish facts and determine their significance. A
new & —convergent piecewise uniform mesh has been produced, by deriving a hybrid
technique to find out the extent of subdomains (7) of the singular boundary layers that occur
when solving some of the differential equation problems numerically, where ¢, is set to
multiply terms covering the highest derivatives in the differential equation, in which
determinant is zero, these boundary layers are adjacent to the boundary of the domain, where
the solution yields a very deep gradient. The mesh has been used with the difference scheme
function code in the MATLAB program; specifically, PDEPE that is solving initial-
boundary value problems pertained parabolic-elliptic PDEs. It was applied to solve multiple
examples then comparing the maximum error of the solutions with its counterpart "uniform
mesh" and proving its superiority. Results, solutions, and comparisons were exposed with
concise explanatory MATLAB plots manifested in some necessary tables for comparative

studies.

Introduction

Boundary layers can be worked out in the solution
of singularly disordered problems whereby the singular
perturbation parameter &, is set to multiply terms
covering the highest derivatives in the differential
equation, in which the limit is zero. These boundary
layers are adjacent to the boundary of the domain, where
the solution yields a very deep gradient. A boundary
layer to either regular or parabolic type may arise from
any angle of the domain. When the features of the
reduced equation correspond to & =0, then it is
determined to be a parabolic type whereas the
characteristics of the reduced equation are not parallel to
the boundary layer near the corner is called corner type
numerical methods using standards finite difference
operators on uniform meshes are not appropriate for
solving problems with boundary layers due to the
formed deep gradients. In addition, convergence analysis
lies in the maximum norm rather than in an averaged
norm, so that the singular components can be detected.
These considerations lead to the concept of an e-uniform
method.
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That is a numerical method for solving singularly
distorted problems with an error estimate in the
maximum norm that relies on the size of the singular
perturbation constant €. When the solution is a regular
boundary layer, it is often possible to obtain an e-
uniform method by setting up an adequately fitted finite
difference operator on a uniform mesh. Yet, the
approach is not possible when a parabolic boundary
layer is found. This negative result cause first
demonstrated Shishkin is present by constructing an
appropriate However, this approach is not possible if a
parabolic boundary layer is present. This negative result
was first proved in Shishkin[1], The ultimate objective
of this paper is to prove in-depth, the positive conclusion
for linear parabolic problems with parabolic boundary
layers. An e-uniform method can be composed by using
a standard finite difference operator on an adequately
fitted piecewise uniform mesh concentrating in the
boundary layers[2].

Among the most basic parabolic partial
differential equation, is the diffusion equation that is
manifested in one-space dimensions,

dy 0%y
“ox ~ ox?

(1)
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Thus, the sub-equation

dy )
sa—v u 2

Is inherent to two or more space dimensions whereby &
some given constant [3]. The study of heat problems
dominated research and experiments in 18" century
when a large number of researches paper have been
published on numerical methods for heat problems.
However, papers comparing these methods are usually
restricted to the analysis of stability within the schemes
used. The parabolic type of PDE, which is a diffusion
equation used to be known as heat equation typically
contains layer means and narrow regions where the
solution changes rapidly [4]. In this paper, a robust (e-
convergent) type numerical method is derived to solve
problems of type singularly diffusion equation (i.e. when
0 <e<1) in equation (1) obtaining the numerical
method via MATLAB code PDEPE as a basis for
deriving the new method. Whereas the numerical
method with already exists code in the MATLAB
program namely PDEPE is used to solve parabolic and
elliptic partial differential equations problems in
variables x and y, of the form:

( au) ou
c\oy ox/ dy

5o

+5( "”) 3

s x,y,u,ax (3.a)

The PDEs hold for yo <y <yf anda <x <b. The
interval [a, b] must be finite. In

Equation (1),f(x,y,u,%) is a flux term and

S (x, y,\u, %) is a source term. The coupling of the partial

derivatives with respect to y is restricted to

multiplication by a diagonal matrix c(x,y,u,g—l;). The
diagonal elements of this matrix are either identically
zero or positive. An element that is identically zero
corresponds to an elliptic equation, otherwise
corresponds to a parabolic equation. There must be at
least one parabolic equation an element of c that
corresponds to a parabolic equation can vanish at
isolated values of x if those values of x are mesh points.
Discontinuities in ¢ and/or s due to material interfaces
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are permitted provided that a mesh point is placed at
each interface. For y =y, and allx, the solution
constituents fulfill the initial conditions of the form:

u(x, yo) = up(x) (3.b)
For all y and either x=a orx =Db, the solution
constituents fulfill a mixed Neumann with Dirichlet
boundary conditions, of the form

Py +aGuf (yu5) =0 (G0
Y ’ T Ox '

[51[6] [7] [8] [9] [10] [11]

Definition
A strictly-assembled monotone function ¢:[0,1] -

[0, 1] that maps a uniform
mesh ¢t; =i/N,i =0,..., N, onto a layer-adjusted mesh

by
X = (p(tl’), i:0,...,N,

is called a mesh generating function [ 4w el 5 Lay) 1Uas
e 2],
Bakhvalov Meshes

Bakhvalov is attributed to the Russian
mathematician Nikolai Sergeevich Bakhvalov (1934-
2005). Bakhbalov's theory is based on the initial idea of
building a local uniform mesh with constant length of
the step size closed to x = 0, on the curve, and then
projecting the equal gradations on the x-axis using the
(scaled) boundary layer function. Thus, grid points x;
near x = 0 are defined by,

i
q(l - e‘ﬁxi/“) =t; = I fori =0,1, ..,

Whereby the scaling parameters g € (0,1) and
o > 0 are user selected: g is roughly the portion of mesh
points used to resolve the layer, while ¢ determines the
grading of the mesh inside the layer. The part that
containing the layer will have a local uniform mesh on
the x-axis such that its length on the x-axis is equal to
the transition point , as for the rule by which we get a
mesh generating function C1[0, 1], it is as follows,

(t _{ X(f)=%£lnq7_t fort € [0,1],
v w(t) = x(t) + ¥ (v)(t — 1) otherwise

where the point 7 satisfies

[4]
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xX'(@= 1—%(:) (4)
Geometrically this implies that (z,x(z)) is the
contact point of the tangent m to y that passes through
the point (1,1); see Fig. 2. When g¢ = pq, the equation
(4) does not have a solution. In this case, the Bakhvalov
mesh is uniform with mesh size N . The equation (4) is
nonlinear equation, its disadvantage is that, it is not
solved by direct mathematical analytic methods,
1—x()

i =0,1,2..
1_Ti

70 =0, ¥'(1i41) =

t=] t=]

(t) ¢lt)

£C

r=x(7) 1=l 2=]

Figure 1: B-mesh: The shape on the left shows the f
mesh generating function, while the other shape on the
right in the above figure shows the mesh generated[4].

It should be noted that the aforementioned
adjacent piecewise uniform meshes that are generated
through an approximation of Bakhvalov’s mesh-
generating function are known as a meshes of
Bakhvalov type (B-type meshes) [4].

Shishkin meshes

Shishkin meshes are piecewise uniform meshes
constructed a priori that partly resolve layers. The
boundary layers that appear in the solution u of equation
(1) act approximately like

_B1(1-x) _B2(1-x)
e € and e €

Let N be a positive integer divisible by four that
denotes the number of mesh intervals used in each
coordinate direction. Let 7, and 7, denote two mesh
transition parameters defined by
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Ty = min( lnN) andt, = mm( ,To = ln N)

° B B2

Whereby 1, is a constant that will be fixed later, € is
called the singular perturbation parameter. In pattern one
typically has

T, = Tosﬁl_l InN (6)

and

Ty = T0eB, tInN

(7)
In this paper the domain is dissected into six parts as
ﬁ = Qll U le U 013 U 921 U sz U 923, Whereby

- T
Q1 = > x] X [O,Ty],Q12
1—-1, 147
=[ 5 X’ z x]X[O'Ty]'
1+
13 = Tx 1] [O Ty]
Q1 = [0._—%] X [y,1],
1Tk 14Ty _ 1ty
Oy = [T' 2 ] X [Ty' 1], Q3 = [T'l] X [ry, 1].
I
by fly Iy
I}.
i, fy il
' Il 1T

1T
Figure 2: Dissection of Q and Shishkin mesh for

equation (1) , shows the regions that are formed in the
mesh (left) and the fine region of the mesh (right).

A set of mesh points which are specified as follows:
5) {(xl,y])EQl]—O }

By (

M fori—O,l, ’ﬁ’
=41 N 2 @®
1—Mfori=ﬁ+1 N

- S+ LN,
And
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Yi .
1—% fori=0,1,...,%
=<M forj=%,%+1,...,¥, 9)
1—2(1\[;,—]')% fori=¥,¥+1,...,N,

In Figure 1 the mesh points are detectable where
the horizontal and vertical lines cross. Let I'Vbe the set
of mesh points on the boundary of Q ie., I'N=
{(x;,y):1,j=0,..,N}nI. The mesh transition
parameters t have been chosen so that the layers have
magnitude at most N¥ on the coarse mesh regions Q,
and Q3. The analysis of numerical methods on Shishkin
meshes shows that if a method reveals, for fixed ¢, order
of consistency N~V on a uniform mesh. Then 4, = visa
good choice. We denote by H,, H,,, and hy, h, the mesh
widths outside and inside the respective boundary layers,
i.e.,

Hy=2(1—1)/N; hy = 2%;
2T
Hy =2(1-1,)/N; hy = =2;

Apparently, the mesh widths on Q,; and Q,;
satisfy % < H,, H, < 2/N, so the mesh is coarse there.

On the other hand, h, and h,, are O(eN~'InN) so the
mesh is very fine on Q;,. On Qq4, Q,,, and Q3 the
mesh is coarse in one direction and convenient in the
other direction [12].

5 — Definition:

If f" is continuous on [a,b], then the length (arc
length) of the curve y = f(x) from the point A =
(a, f(a)) to the point B = (b, f(b)) is the value of the
following integral [13]:

= [ A ——

The New Mesh

The assumption of the new method we provide in
this research article is inspired by the principle of the
assumption of the two previous methods B-mesh in the
chapter (3) and S-mesh in the chapter (4) [14], We
denote the L () by,|.|l. and we define an e-infinity
norm by

l-lleo = max |x;| forx;eQ (11
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The nodes of the rectangular mesh are obtained
from the concise product of a set of N points in the x
direction and a set of N’ points in the y direction. For
notational simplicity we shall assume that N = N'; when
this is not the case, it is easy to show that the analysis is
still valid, provided only that the ratios N/N" and N'/N
are bounded by some constant C. Let N be a positive
integer number, divisible by four. Let s be an ideal
Singular Boundary Layer (SBL) part such that s =

!

es then by deriving with respect x we have , s' =

X
%eE, and let 7 denote the length of the corresponding

mesh of SBL as in the figure 3:
Regular part

Singular part

function &
value axis

| 1
a=0 c=T b=l

Figure 3: Explain the new mesh idea; s is a Singular

mesh axis
SN

Boundary Layer part such that s = ez, x-axis represents

the mesh axis and the y-axis represents the range points

(in two dimension plane). Also, t is the transition point
between the fine and the coarse meshes.

We choose 7 such that the length of the
arc: S(E)T(c) equal to the length of the line segment ab,
then assuming that [a, b] = [0,1], i.e.
the length of the arc f(a)f(c) = ab

= the length of the arc f(7)f (b)
=1-7

T
:f V1+s'?dx
0

=1
— 17 {by def. of arc length in chapter 5 of this paper }

2
T 1 x\2 e?x
:f 1+(—e£> dx, letu= |14+—,
0 £ £
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2x _% 2x
p 1 1.5 2e’e _1(u2—1)d
u_Z g2 g3 T u £ x
d su
. —
x = _1)
Whenx =0,u = and when x = 1,
ee
u= |[1+—,
£
2T 2
e W g2
~1l—1T= du=f Z—du
/1+£i2 u—1

Uu.
2 _
el U 1
&
2T
e €
j i £

= (e - Ydu
1+£l2 1—u?
2t
ece
145
[eu — ecoth 1 (W)Y £
1+
2T 2T
ec 1 &
=¢ |1+ — — €coth 1+—
€ €

1
+ecoth™( ’1 + ;)

Finally, we get the following equation:

27
27 ee
2 = -1 _ _ 2
\/s 4+ ee —ecoth 1+ 2 Vee+1

1
+ ecoth™1t 1+=|-1+71
I €

=0
Then we solve the equation (12) to find the value
of 7, let denote the new 7 by 7, = tau, i.e.

> tau = solve ('sqrt (s"Z + exp (2 * E)) —E%

exp(Z*i)
acoth| sqrt| 1+——=] |- sqrt(e"2+ 1) + e *
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acoth(sqrt(1 +e*(=2))) — 1 +

x',) X’) (13)

For example:
>>tau=solve('sqrt(0.1"2+exp(2*x/0.1))-
0.1*acoth(sgrt(1+exp(2*x/0.1)/0.1))-
sqrt(0.172+1)+0.1*acoth(sqrt(1+0.1*(-2)))-1+x','x’)
Gives us:
tau=0.066385061798060061317993064262541

Algorithm

Step 1: Input singularly purtibation parameter &,
Number of mesh points on x-axis

N,, Number of mesh points on y-axis N,,, the
PDE, the initial condition, and the boundary conditions.

Step 2: Find each of uniform mesh x” =

012,...,Ny}and y! =
012,..., Ny}

{xi:xi = a+%,i =
{}’i:yi = a+i,i =
Step 3: Find the new tau t, =min{%,rl,rz},
where t, is calculated from the equation (6) by taking
7o = B = 1, and 1, is calculated from the equation (13).
New fitted piecwise mesh, and then find 7, =

. 1 . .
min {E’ 13,14}, where 5 is calculated from the equation

(7) by taking 7, = B, = 1,and 1, is calculated from the
equation (13).
Step 4: Construct the set of the fitted piecewise uniform
mesh points

={(x»y;) €Q:i,j=0,..,N}, so that we
find x; from the equation (8) and y; from the equation
9).

Step 5: Use the MATLAB program code
(PDEPE) to solve the PDE by using once the uniform
mesh input, and then the solution matrix notation is

z% = {Z?‘-,i =0,1,2,..,Ny,j =012, .., Ny},

and rgéeat using fitted piecewise uniform mesh
and the solution matrix notation is

2 ={zf,i=012,. i=012,..,Ny},
Also find the exact solutlon matrix let denoted by

z¢ = {zf,i = 0,1,2,..,Ny,j = 0,1,2,..., N, },
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Step 6: Using the infinity norm in equation (11) to through a set of tables; in addition, it is represented by a
determine the errors as follows: set of figures as follows:
The error of uniform mesh (erru) w.r.s. the exact Table 1: Solution of problem 1 when € = 0. 1.
solution: €=0.1 | U-mesh | Ft.Piec.mesh . |z
, x y
erru = ”Zu _ Ze”oo = max{maxﬂzfj - ij'}}'l N, Ny max.error max.error
=012,..,Ny,j =012, ..,Ny; o © o~
. . : & < S|
and the error of fitted piecewise uniform S N DI
mesh ion: 2|0 g S 218
(errp) w.r.s. the exact solution: = S © | &
o q o o
errp = ||zP — z¢||» =max{|zipj—zfj },i e e e
=0,1,2,..., Ny, j = 0,1,2, ..., Ny; . ° N
S g S| 8
Test Problems | g 2 N 83
(1) Considering the following problem[15]: S § -
o g o
2 2 s s |s|7
dy  9x2’
Initial condition: u(x, 0) = sin(mx), = Q S | o
e ou Y 5 g I <
Boundary conditions: u(0,y) =0, —|y=1 = —Te e, 72 | 10 S S Q| B
i 2 8 2|3
Exact Solution: u(x,y) = sin(nx) e = . < ° S
(2) Considering the following problem [16]: o ° ~
ou_9%  r0<x<1,0<y<01 & < 2|3
€3y ~ ox?’ sx=sLUsys0L 72 | 12 R 8 3|5
Initial condition: w(x, 0) = sin(mx) + sin(2mx), 8 8 8|3
- o o
Boundary conditions: u(0,y) =0, u(1,y) =0,
. _ _m?y o © o
Exact Solution: u(x, y) = sin(mx)e” ¢ + S < S|
. _an?y 72 | 14 2 N 2|5
sin(2mx)e” ¢ . S S g |
o o o
Results and Conclusion o ° ~
The value of the € plays a major and essential role 3 © S §
in the solution, as its value depends inversely on the 72|16 S S 3 %
extent of the singular layers and directly with the error, 2 S S| °
as the smallness ( slightness) of the ¢ leads to sharper in
stiffness that appears in solution then leads to difficulty & 2 Q 3
in the solution and a significant increase in error. In 72 | 18 Y §‘ K E
o ©
other words, the different values of the & transform one 8 § S| 3
problem into a group of distinct problems. Therefore,
different values were taken, as far as possible, for the ¢ o Q S
in each problem. Numerical comparisons between the 79 | 20 § N ﬁ S
maximum errors of the newly fitted piecewise uniform § S § f
mesh-algorithm  (Ft.Piec.mesh max.error) vs the S e S
maximum errors of uniform mesh (U-mesh max.error) o o N
presented, the MATLAB computer program are used. o < = 8
The data and results are presented through tables (1),( 72 | 22 & & 81k
o o [(e}
2),...,(7), i.e., each table contains the numerical data of 2 2 2| °

two of the figures. The results of the work are presented
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Table 5: Solution of problem 2 when £ = 0. 1.

1,'\ £=01 U-mesh Ft.Plic.mes
1 l.‘\ Ty Ty
L N, | Ny | max.error max.error
" i ‘S
‘L‘_“l 79 | 30 0.00057880 0000263613 0.32:33746 0.03421197
H 1.
.’
; g0 72 | 32 0.000728578 0.00026284 0.3%746 0.03455735
{J( 72 | 24 0.00029114 0.000261777 0.3%746 0.035526360
1 72 | 36 0.000f9GZl 0.00026089 0.35:33746 0.035;33518
i | 72 | 38 0.00029922 0.00025981 0.38746 | 0.03637586
G0 - OG-0 - G-I B - -0 3 3 2
T 72 | 40 0.000;0170 0.000257964 0.3%746 0.036588879
R 0.00030226 0.38746 | 0.03737669
Figure 6: The solution of prob.1 when £=0.01 (left), with the 72|42 Ty 0.000255901 | ", s
comparison of the new Fltted pleceW|_se uniform mesh with 79 | a4 0.00030166 0.000255822 0.38746 | 0.03784189
the Uniform mesh (right). 9 3 6
Table 4: Solution of problem 2 when £ = 0. 5. 72 | 46 | O00930018 | g 00z57728 | 05746 | 003828641
=0.5 - i
£ U-mesh Ft.Piec.mesh T, T, 72 | 48 0.00029921 0.000259492 0.38746 0.03871201
N, | N, | maxerror max.error 1 3
0.00030013 0.38746
52 | 36 | 0.000634744 | 0.000555358 | 0.387463 | 0.05 72 | 50 2 0.000260628 3 0.03912023
52 | 38 | 0.000635886 | 0.000553717 | 0.387463 | 0.05 S PR ¢ st
52 | 40 | 0.00063419 | 0.000553519 | 0.387463 | 0.05 | L |
h & ot
52 | 42 | 0.000637299 | 0.000555655 | 0.387463 | 0.05 :‘! N
52 | 44 | 000063583 | 0.000555768 | 0.387463 | 0.05 Ll e |
52 | 46 | 0.000635923 | 0.000554833 | 0.387463 | 0.05 1 E I
52 | 48 | 0.000635591 | 0.000553519 | 0.387463 | 0.05 :' i:-!”
52 | 50 | 0.00063724 | 0.000555388 | 0.387463 | 0.05 g Y 5.--.&
52 | 52 | 0.000636533 | 0.00055602 | 0.387463 | 0.05 ﬂﬁff&\ ;
52 | 54 | 0.000634744 | 0.000555358 | 0.387463 | 0.05 a7 . {
{ | 9. L
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Figure 7: The solution of prob.2 when £=0.5 (left), with the
comparison of the new Fitted piecewise uniform mesh with
the Uniform mesh (right).
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Figure 8: The solution of prob.2 when €=0.1 (left), with the
comparison of the new Fitted piecewise uniform mesh with
the Uniform mesh (right).
Table 6: Solution of problem 2 when € = 0. 05.

£=0.05 Ft.Piec.mes

N, | Ny ml;(r'];ﬁr;r max.:rror Tx jid

52 | 58 | %00099200 | 00054584 | 92030221 | 0387463
52 | 60 | %90%29%% | o 00sasazs | “9%THZ | 0387463
52 | 62 | 9000007 | g 00550104 | FO2093507 | 0387463
52 | 64 | %0000H4® 1 g 000551300 | %0207944L | g 387463
52 | 66 | “00%M3 | 0000552656 | %2047 | 0387463
52 | 68 | 00000728 | o 000553898 | FOHIISS | 0387463
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52 | 70 0.00052493 0.000554939 0'02154247 0.387463
52 | 72 0'000762724 0.00055572 0'021138333 0.387463
52 | 74 0'00023173 0.000556161 0'021552032 0.387463
52 | 76 °'°°°f3345 0.000555816 0'02155366 0.387463
52 | 78 | 0.00063377 | 0.000555465 0'02118354 0.387463
b (1)o@ ST L ‘ “,"' o Gy 2 E %
|
“l-"'"
o
3! 'r‘.."'.‘
AT
| N "‘
i s E'/
.o--o—-a...n.--o---‘*"“"“"“'

¥a &R a0 &

v

Figure 9: The solution of prob.2 when £=0.05 (left), with the
comparison of the new Fitted piecewise uniform mesh with
the Uniform mesh (right).

Table 7: Solution of problem 2 when € = 0.01.

£=0.01

N,

Ny

U-mesh
max.error

Ft.Piec.mesh
max.error

Tx

Ty

92

174

0.000138861

0.000138547

0.387463

0.000689906

92

176

0.000139838

0.00013855

0.387463

0.000689906

92

178

0.000141124

0.000138577

0.387463

0.000689906

92

180

0.000141962

0.000138542

0.387463

0.000689906

92

182

0.000142461

0.000138573

0.387463

0.000689906

92

184

0.000142709

0.000138534

0.387463

0.000689906

92

186

0.00014363

0.000138569

0.387463

0.000689906

92

188

0.000145834

0.000138525

0.387463

0.000689906

92

190

0.000146516

0.000138563

0.387463

0.000689906

92

192

0.000146073

0.000138529

0.387463

0.000689906

92

194

0.000144819

0.000138557

0.387463

0.000689906
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Figure 10: The solution of prob.2 when £=0.01 (left), with the
comparison of the new Fitted piecewise uniform mesh with
the Uniform mesh (right).

The numerical results indicate that the new
technique has an improvement about (14.82806023%) in

Maximum error of the new mesh method against the
uniform mesh method, as in table 8

Table 8: The percentage of improvement in Maximum error of
the new-mesh method against the uniform mesh method.

&\ Problems Probleml Problem2
0.5 - 12.73304385
0.1 20.31619608 12.27986919
0.05 21.36734417 10.57834542
0.01 18.22017869 3.161598101
Average percent% | 19.96790631 9.68821414
Totalize percent% 14.82806023

References:
[1] G.I. Shishkin, 1989, Approximation of solutions of

singularly perturbed boundary value problems with
a parabolic boundary layer, USSR Computational
Mathematics and Mathematical Physics. 29(4), 1-
10.

J. J. H. Miller et al., 1998, Fitted mesh methods for
problems with parabolic boundary layers,
Mathematical Proceedings of the Royal Irish
Academy, 98A (2), 173-190, Royal Irish Academy.
Erich Zauderer, 2006, Partial Differential equation
of Applied Mathematics , Third Edition, Wiley
Interscience, A John & Sons, INC., Publication.
Torsten Linb, 2010, Layer-Adapted Meshes For
Reaction-Convection-Diffusion Problems, Springer.
[1] Louise Olsen-Kettle , 2011, Numerical solution
of partial differential, equations, Lecturer book,
ISBN: 978-1-74272-149-1, The University of

(2]

(3]

(4]

(5]


https://www.sciencedirect.com/journal/ussr-computational-mathematics-and-mathematical-physics
https://www.sciencedirect.com/journal/ussr-computational-mathematics-and-mathematical-physics

P- ISSN 1991-8941 E-ISSN 2706-6703
2022,(16), ( 2 ):254— 264

Queensland School of Earth Sciences Centre for
Geoscience Computing.

[6] J.R.Branco, J.A.Ferreira, 2008, A singular
perturbation of the heat equation with memory,
Journal of  Computational and  Applied
Mathematics, 218(2), PP 376-394.

[71 Zhou, Shuang-Shuang, et al., 2021, Initial boundary
value problems for a multi-term time fractional
diffusion equation with generalized fractional
derivatives in time, AIMS Mathematics 6.11
(2021): 12114-12132.

[8] Ashurov, R. R., and O. T. Muhiddinova., 2021,
Initial-boundary value problem for a time-fractional
subdiffusion equation with an arbitrary elliptic
differential operator, Lobachevskii  Journal of
Mathematics 42.3 (2021): 517-525.

[9] Goatin, Paola, and Alexandra Wirth., 2023, The
initial boundary value problem for second order
traffic flow models with vacuum: existence of
entropy weak solutions., Nonlinear Analysis 233
(2023): 113295.

[10]Javidi, Mohammad, and Mahdi Saedshoar Heris.,
2023, New numerical methods for solving the
partial fractional differential equations with uniform
and non-uniform  meshes, The Journal of
Supercomputing (2023): 1-32.

Journal of University of Anbar for Pure Science (JUAPS)

Open Access

[11] Yuan, Wenping, Hui Liang, and Yanping Chen.,
2023, "On the convergence of piecewise
polynomial collocation methods for variable-order
space-fractional diffusion equations.” Mathematics
and Computers in Simulation 209 (2023): 102-117.

[12]1G. I. Shishkin, 1990, Grid Approximation of
Singularly  Perturbed Elliptic and Parabolic
Equations. Second doctorial thesis, Keldysh
Institute, Moscow, Russian.

[13]G. B. Thomas, M. D. Weir, and J. Hass, 2006,
Thomas' Calculus, Edition 12, Addison —Wesley,
Pearson.

[14]Martin  Stynes, FEugene O’Riordan, 1997, A
Uniformly Convergent Galerkin Method on a
Shishkin  Mesh for a Convection-Diffusion
Problem, Journal of Mathematical Analysis and
Applications, , 214(1), pp. 36-54.

[15] Skeel.R.D. and M. Berzins, 1990, A method for the
spatial discretization of parabolic equations in one
space variable, SIAM journal on Scientific and
statistical computing, vol.11, pp. 1-32.

[16]Jichun Li and Yi-Tung Chen, 2008, Computational
Partial Differential Equation Using MATLAB,
CRC Press, A Chapman & Hall Book, Page30.

Basan AR, Ly ja Aalde ) AA aa badded gl ad cild Adla

W@L&A(},\é‘)

Gl (i S alil ¢ AUS e (e R drala dpinall dunigl) and
Email: rafig.salih@garmian.edu.krd

-

W N

4.\.\;;8 4.\.\3.\ dlﬁ.\.m\ BN BRI TN cg‘)ﬁﬂ\ a.dlijld.ug\cz‘dqtdic\ ASJ;A 45.\.“: udjs.\ ea L@_\.\AAT aal g diﬁ;j\ c.al.ug\ EE) ‘?_\;.n e u.l@J\

D 250all dyg e £ alad A Cua lGoae Ll Asladll Jilus Qs da die Goad Al 3o jal) don gasll caliudall (7)) A ad) <l pdlh sl il

o5 Jall e iy Cun ¢ Jlaall 3ganl Ledlia o ganl) Bl 53 (5S¢ hm Al (5% Can ¢ Alalid) Aolad b cliiad) Jlef (5 gias

PDES — &ilaiall aidll-i ) il Jilus Jay o3 PDEPE lusaiy ¢ MATLAB Gisjaall el alasialy 2l sasind o5 . 13a Guae

Jslall g mlil) (m e a5 Lol ) 5 "Hpalie W1 Al o ks ae Jlall ;S Unall 46 )l 3 sonsie Al Jad addas o5 . calilayl ¢ 8IS adadl

Ll Al ol & DN Jglaall (may 4 a3 e dusgia 68 Ble Gilladaday il Ul

i jad) bl Y sbaal) ¢ S shand) o LN Ay lad) Jilud) cialaed) &5 ) ISl cAaliial) el

264


https://www.sciencedirect.com/science/journal/03770427
https://www.sciencedirect.com/science/journal/03770427
https://www.sciencedirect.com/science/journal/03770427/218/2
mailto:sulaf.mohammed@univsul.edu.iq

